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High Speed Trot-running: Implementation of a
Hierarchical Controller using Proprioceptive
Impedance Control on the MIT Cheetah
Dong Jin Hyun, Sangok Seok, Jongwoo Lee and Sangbae Kim
Abstract—This paper presents implementation of a highly
dynamic running gait with a hierarchical controller on the
MIT Cheetah⇤. The developed controller enables a high-speed
running up to 6 m/s (Froude number of Fr ⇡ 7.34) incorpo-
rating proprioceptive feedback and programmable virtual leg
compliance of the MIT Cheetah. To achieve a stable and fast
trot gait, we applied three control strategies: 1) programmable
virtual leg compliance that provides instantaneous reflexes to
external disturbance and facilitates the self-stabilizing shown in
the passive dynamics of locomotion; 2) tunable stance-trajectory
design, intended to adjust impulse at each foot-end in the stance
phase in a high speed trot-running according to the equilibrium-
point hypothesis; and 3) a gait-pattern modulation that imposes
a desired cyclic gait pattern taking cues from proprioceptive
touch-down feedback. Based on three strategies, the controller is
hierarchically structured. The control parameters for forward
speeds, a specific gait pattern, and desired leg trajectories
are managed by a high-level controller. It consists of both a
gait pattern modulator with a proprioceptive leg touch-down
detection and a leg-trajectory generator using a Be`zier curve
and a tunable amplitude sinusoidal wave. Instead of employing
physical spring/dampers in the robot’s leg, the programmable
virtual leg compliance is realized using proprioceptive impedance
control in individual low-level leg controllers.
To verify the developed controller, a robot dynamic simulator
is constructed based on the model parameters of the MIT
Cheetah. The controller parameters are tuned with the simulator
to achieve self-stability ,and then applied to the MIT Cheetah in
an experimental environment. Using leg kinematics and applied
motor current feedbacks, the MIT Cheetah achieved a stable
trot-running gait in the sagittal plane.
Index Terms—bioinspired legged machine, quadrupedal run-
ning, gait pattern modulator, leg trajectory generator, impedance
control
I. INTRODUCTION
Legged machines have the potential to exceed the mobility
of wheeled vehicles in rough terrain due to their inherent
ability to choose situation-specific, discrete footfalls [Bares
and Whittaker, 1993]. This significant benefit of the legged
locomotion have motivated roboticists to develop legged plat-
forms for a variety of tasks including transportation of goods
[Raibert et al., 2008], exploration of hinterland and search-
and-rescue.
Many of the endeavors of robotic researchers have resulted
in successful walking performances of robots using ZMP-
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based controllers [Yoneda et al., 1994], optimal motion-
planning algorithms with machine learning [Kolter et al.,
2008], [Shkolnik et al., 2011], [Kalakrishnan et al., 2011]
even in rough terrain. However, developing a controller for
fast dynamic legged locomotion remains challenging because
of the requirement to robustly handle complex, nonlinear and
fast interactive dynamics between a robot’s multiple limbs and
unpredictable environments, while at the same time stabilizing
a robot’s body. While many implementations of controllers
have accomplished stable locomotion of quadrupedal robots,
few, with an exception of Boston Dynamics, have succeeded
at achieving the fast locomotion, rivaling that of animals
[Dynamics, 2009].
In developing a controller for achieving this challenging
task, there are three primary issues to be mainly considered: 1)
stability criteria in locomotion, 2) modulation of gait pattern,
and 3) control of ground reaction force.
Three Primary Issues with Previous Researches
A. Stability Criteria in Locomotion
Stability criteria in legged locomotion are not clearly de-
fined despite several studies on legged dynamics [Full et al.,
2002] [Altendorfer et al., 2004], [McGhee and Frank, 1968].
Due to the absence of comprehensive methods to quantify
stability, the design of stabilizing controllers using numerical
optimization methods for fast locomotion is challenging. Fur-
thermore, many previous controllers were heavily depend on
sensory feedback of the robot’s global states, such as a robot’s
body pitch and forward velocity for stability, and its force
exertion on the ground [Krasny and Orin, 2010], [Gehring
et al., 2013], [Estremera and Waldron, 2008]. However, the
implementation of these controllers in autonomous systems is
hindered by the lack of robust autonomous global body state
measurement technologies for highly dynamic running.
Therefore, the existence of the self-stabilizing1 in high-
speed locomotion has been extensively investigated with em-
ploying passive dynamics of springy legs inspired from bio-
logical observations [Full and Koditschek, 1999]. The Spring
Loaded Inverted Pendulum (SLIP) model has been especially
effective in the study of locomotive stability due to its simplic-
ity and conformity to biological observation since Blickhan
[Blickhan, 1989] proposed a simple spring-mass model to
1The self-stabilizing means that legged robots can sustain stable dynamic
locomotion without sensors on the body dynamics such as body pitch angles
and its feedbacks for stabilization.
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describe legged dynamics observed in running animals. With
the SLIP model, Ghigliazza et al. pointed out that stable
periodic cycles of passive dynamics exist for some initial
states in a certain range of leg stiffness [Ghigliazza et al.,
2003]. Ringrose implemented this self-stabilizing running with
a monopod robot [Ringrose, 1997], and the iSprawl achieved
fast hexapedal locomotion preserving self-stabilizing dynamics
[Kim et al., 2006]. Furthermore, it was revealed that proper
active hip actuation enlarges the stability margin for this self-
stability [Seipel and Holmes, 2007].
B. Modulation of Gait Pattern
Modulating gait pattern - controlling the sequence of
the footfalls is a critical part of legged locomotion. For
quadrupedal running, in particular, the coordination of four
limbs at various speeds plays a critical role in locomotive
performance. Biological observation has been a great source
for understanding the principles of animals’ gait patterns.
Temporal/spatial analyses on animal gaits have revealed the
various relationships among stride frequency, stride length and
speed of locomotion [Maes et al., 2008], [Wickler et al., 2003],
[Vilensky et al., 1991]. These studies have revealed a few
interesting trends. First, animals tend to use a specific gait for
a given speed. Second, the strategy animals use to increase
locomotion speed depends on the gait pattern; for trot, they
increase stride frequency, whereas for gallop they increase
stride length. Different roles for each leg in a galloping gait
pattern were also investigated based on ground reaction force
analysis of a galloping dog [Lee et al., 1999], [Walter and
Carrier, 2006].
To realize animals’ gait patterns inspired from the neural
circuits discovered in animals, various types of Central Pattern
Generators (CPGs) have been proposed [Grillner and Wallen,
1985], [Ijspeert, 2008]. These CPGs resemble animals’ motor
pattern production, producing the oscillators that create rhyth-
mic signal outputs. However, lack of sensory feedback might
lead to absence of the adaptability to the environment and in-
stability of locomotion. Therefore, the Kotetsu [Maufroy et al.,
2010] and the Tekken [Fukuoka et al., 2003] included external
feedback to provide adaptability to environment by modulating
output signals of an oscillator. While employing CPGs suc-
cessfully generates the desired pattern in many robots with a
wide stance, which is mostly statically stable, it is still difficult
to understand how animals such as cheetahs, whose stance
is very narrow, coordinate CPGs with extero/proprioceptive
sensory feedback to secure dynamic stability. In order to
develop a controller that enables high-speed agile robots,
it is important to learn how to enhance dynamic stability,
combining the pattern generation with sensory feedback.
C. Modulation of Ground Reaction Force
Within a given gait pattern, for high-speed running, it is
important to control the ground reaction force (GRF) at each
foot in order to keep the body posture in a desired periodic
pattern. This is an example of an intuitive approach to improve
the stability of the overall locomotion dynamics. Although
well-tuned impedance control can enable self-stabilized be-
haviors in symmetric gaits, in order to enhance robustness it
is desirable to add feedback control to modulate the ground
reaction forces. Especially for high-speed quadruped running,
a gallop gait seems more desirable for an animal, and the
application of the SLIP model is limited since the gallop is
asymmetric gait and employs a range of gait patterns. For
a force-control approach, Koepl [Koepl et al., 2010], [Koepl
and Hurst, 2011] proposed that a well-defined force profile
to satisfy momentum conservation for running can be used to
control vertical bouncing. However, the implementation of a
desired force profile within a short stance time (60 ms stance
period at 6 m/s running according to our experimental results)
for a robot’s high-speed running is challenging, especially
including the synchronization of the force command with the
leg touchdown event.
Instead of directly implementing force control, the
compliance-force control can be used to exert forces at foot-
ends in the stance phase by controlling the equilibrium position
of the impedance control. Bizzi et al [Bizzi et al., 1992]
observed that an equilibrium position of the springy muscular
system is specified by the neural activity for limb motion
control, and proposed Equilibrium-point hypothesis such that
the contact force control can be effectively accomplished as
well by penetrating the equilibrium position of the impedance
control into the surface. Hogan [Hogan, 1987] demonstrated
this approach in a grounded manipulator interacting with a
wall. If the desired force profile is generated with respect to the
inertial coordinate, both approaches must have accurate global
attitude measurement of the robot because the directions of the
force have to be controlled.
We considered that addressing these three issues are critical
constituents of the successful design of a controller that
enables stable, versatile, and efficient locomotion. Even though
these critical issues are intricately interconnected, they can be
handled with three separate strategies.
To effectively address these three issues in high-speed
locomotion and implement characteristics of biological
quadrupedal gaits, we developed a hierarchical control archi-
tecture consisting of three components: 1) a leg controller
to realize the virtual leg compliance by using the impedance
control as a low-level controller, 2) a gait pattern modulator to
impose an intended gait pattern to a leg trajectory generator
as one high-level controller, and 3) a leg trajectory generator
to provide a designed foot-end trajectory for a leg controller
as the other high-level controller.
First, we developed a low-level leg controller that creates
programmable compliance through proprioceptive force con-
trol actuators [Seok et al., 2012], in order to facilitate the self-
stability of the locomotion, employing the impedance force
control [Hogan, 1985]. This programmable virtual leg com-
pliance provides reflex responses to external forces. Similar
strategies relying on this self-stability have been suggested
previously [Blickhan et al., 2007], [Geyer et al., 2002], but
common approaches to realizing desired compliance require
installation of mechanical springs and dampers in a robot’s
leg [Poulakakis et al., 2006], [Cotton et al., 2012], [Spro˝witz
et al., 2013]. These mechanical solutions, though, lead to de-
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terioration of force-control performance, challenges in tuning
leg compliance, and inefficiency in locomotion. Programmable
virtual leg compliance overcomes these drawbacks when suc-
cessfully implemented in high bandwidth (4kHz) to realize
a desired leg impedance on demand. Then, the coordination
of these four compliant virtual legs with the desired forward
speed is determined by the gait pattern modulator.
Second, our controller architecture successfully combines
our gait pattern modulator with a leg’s proprioceptive touch-
down detection as a sensory feedback. The combination ef-
fectively manages the coordination of four legs by tying the
time phases of three legs to the reference leg. The time phase
of the reference leg is activated by the leg’s touch-down
event detection for ‘stride-to-stride’ gait pattern adaptation
to the environment. Similarly, Righetti [Righetti and Ijspeert,
2008] used the output signals of a CPG, based on each leg’s
independent touch-down sensory feedback from an external
foot-force sensor. However, our gait pattern modulator has
two distinguishing features. First, the reference leg’s touch-
down is detected by the proprioceptive force-control actuator
without any additional force sensor and the desired gait pattern
is defined by other legs’ phase differences with respect to the
touch-down event of this reference leg in one stride. Second,
while multiple CPG-based robots directly relate the pattern
signals to desired joint trajectories for each joint position con-
troller, the proposed gait-pattern modulator only determines
temporal gait characteristics such as forward velocity and time-
phase differences between the legs. The spatial characteristics,
such as hip height, angle of attack, swing-leg retraction, step
length, and stance trajectories for contact-force control, are
independently handled in the leg-trajectory generator as the
other part of the high-level controller.
The third characteristic in our control architecture is the
leg-trajectory generator to match the pattern signals from
the gait-pattern modulator to each foot-end position as an
instant equilibrium point of the impedance control. A pre-
defined sinusoidal GRFs at each leg resulted in the self-
stabilizing hexapod running at a preferred forward velocity
[Kubow and Full, 1999]. Similarly, the stance-phase trajectory
is constructed by a sinusoidal wave with an adjustable ampli-
tude to modulate vertical impulse (time integral of vertical
GRF). Through a developed simulator and an experiment, this
amplitude of the sinusoidal stance trajectory is tuned to achieve
stability in locomotion. The swing-phase trajectory is designed
using properties of the Be´zier curve for desirable swing-leg
dynamics. These two trajectories have the identical but tunable
stroke length to maintain continuity at the transition between
swing/stance phases. Furthermore, considering the derivative
of the Be´zier curve, the foot speed in the swing-leg retraction
is adjustable to reduce touch-down energy losses of running
[Haberland et al., 2011].
Three strategies are integrated hierarchically in the pro-
posed controller to tackle three issues, and the controller was
implemented on the MIT Cheetah after validation using the
developed simulator. It was capable of variable-speed trot
running with little pitch/height variation as shown in Fig.1.
The robot recorded the maximum speed limited by the speed
of a treadmill, 6 m/s, which corresponds to a Froude number
Fig. 1: The running MIT Cheetah on the treadmill up to 6 m/s
with trot gait, while constrained on its sagittal plane. it has
12 DoF; 1 DoF for ab/adduction, 2 DoF for both shoulder/hip
and knee motion for four legs.
(Fr), 7.34. The Fr is one of indices used to compare dynamic
locomotion because whenever similar characteristics are ob-
served among different-sized quadrupeds, their corresponding
Fr are similar [Alexander, 1984]. Since the beginning of the
development of legged machines, to the best of the authors’
knowledge, a robot in a robotic research community has rarely
been able to run with Fr higher than 1. Only the pioneering
work of Raibert (Fr=1.53) in 1990 and the Cheetah-cub of the
EPFL (Fr=1.30) in 2013 achieved Fr higher than 1 [Spro˝witz
et al., 2013].
In addition to achieving the stable trot-running, the gait
transition from trot to gallop was tried at 6 m/s. Through this
test, we intended to test the gait-transition capability of the
controller and to prepare for the robot’s galloping experiment
as our future work. This ‘trot-to-gallop’ experiment shows
that the smooth change of leg coordination in a desired time
duration.
This paper is structured as follows: Section II presents
the mathematics and algorithms to construct a simulator of
the MIT Cheetah. In Section III, the control framework is
explained in detail. The validity of the proposed controller
is verified with simulation in Section IV. Experimental results
with the proposed controller on the MIT Cheetah are provided
and discussed in V and VI. Lastly, conclusions and open
research topics are addressed in Section VII.
II. MODELING OF THE MIT CHEETAH
A simulator was developed using MATLAB to verify the
self-stabilizing in locomotion with the proposed controller, and
validate the controller’s tunable parameters, such as control
gains for a virtual leg compliance2, control points for leg tra-
jectory and force-interaction with the ground. Unconstrained
equations of motion of the MIT Cheetah were derived using
Lagrangian formulation and additional holonomic constraints
were applied to obtain stance dynamics of the robot. The robot
and its planar rigid body model are depicted in Fig.2 with gen-
eralized coordinates and leg index i 2 {FL, FR, BL, BR}.
Each segment of the robot is assumed as rigid and connected
2Virtual leg compliance consists of both programmable stiffness and
damping on a virtual leg which is the imaginary line connecting a shoulder/hip
to the corresponding foot-end
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to each other via frictionless revolute joints. The inertial and
geometrical properties such as masses, moments of inertia,
center of mass positions, and segment lengths are obtained
from Solidworks design of the MIT Cheetah. Model parameter
values are listed in TableVII in APPENDIX.B.
FR FLBL BR
body 
reference frame
back body
reference frame 
front body
reference frame 
inertial 
reference frame
Shoulder 
Joint
Hip 
Joint
Knee 
Joint
Knee 
Joint
Fig. 2: The planar-rigid model of the MIT Cheetah on the
rigid flat ground. Leg indices are also listed; FR: front and
right side, FL: front and left side, BR: back and right side,
and BL: back and left side.
The robot model has 11 degrees of freedom (DoF). The
proximal and distal segments of each leg are parallel according
to the pantographic leg design, so that the configuration of a
three-segmented-leg can be determined by two joint coordi-
nates. Three independent coordinates (x, y, qpitch) define the
body position and posture with respect to the inertial reference
frame. A flexible spine which consists of four urethane rubber
joints is designed to be dependent on the hip angles of
both hind legs (q1,BR, q1,BL) by coupling the motion of
the hind legs to the spine using a cable-driven differential
gear mechanism: when motion of the hind legs are in-phase,
the spine is actuated and otherwise it remains near a neutral
position. Therefore, the motion of the spine can be described
by hip angles of the hind legs. The nonlinear compliance of the
spine was not able to be accurately measured and disregarded
in this modeling. The effect of the model discrepancy due
to the flexible spine, however, is expected to be insignificant
with the trot gait since motion of hind legs during trot gaits
are mostly out-of-phase. The kinematic relation between each
joint of the spine and hip joints of the hind legs is measured
from the MIT Cheetah in APPENDIX.C.
The interaction between the robot and the ground is modeled
as follows: the ground is modeled as a rigid half-space, and
the legs of the robot is assumed to interact with the ground as
point feet. Impulsive/non-impulsive interaction forces follow
the Coulomb friction model. For the sake of simplicity, we
assume that friction coefficients (µ) is constant, and its value
is 1.0, considering interaction between the MIT Cheetah’s
rubber foot and a treadmill [?]. Collision of the point-foot and
the ground is modeled to be perfectly inelastic in the normal
direction.
A. Constrained Equations of Motion (EoM)
Equations of motion for the 11-DoF MIT Cheetah is de-
scribed by
D(q)q¨ + C(q, q˙)q˙ +G(q) = B(q)u+ Jc(q)
TFext (1)
where q := [qpitch, q1,FR, q2,FR, · · · , q1,BL, q2,BL, x, y] 2
<11 is the generalized coordinates of the model. D(q),
C(q, q˙)q˙, G(q) and B(q) are the inertial matrix, Coriolis and
centrifugal terms, gravitational torque vector, and the input
matrix, respectively. u 2 <8 is a vector of torque outputs at
each joint from BLDC motors through actuation transmission.
Jc(q) =
@pc(q)
@q is a Jacobian matrix of pc(q) 2 <2Nc⇥1,
a stack of position vectors of each ground-contact foot
with respect to the inertial frame. Nc is the number of
ground-contact feet. Jc(q)TFext is the ground reaction forces
(GRFs) represented in the joint space.
To solve for q¨ and Fext, holonomic equality constraints on
the positions of the ground-contact legs have to be considered:
 (q) = 0h⇥1  ˙(q) = 0h⇥1, (2)
where h is the number of constraints. The equality constraint
for each leg is applied from the moment when the leg makes
contact with the ground. To inhibit violation of the constraints
due to the accumulation of numerical drift, the Baumgarte’s
stabilization method [Baumgarte, 1972] is introduced into the
dynamics solver:
 ¨(q) + 2↵ ˙(q) +  2 (q) = 0, (3)
where ↵ and   are called Baumgarte parameters. Therefore,
two bundles of equations, Eqns. (1), (3), are solved simultane-
ously to compute q¨ and Fext at each time step [Witkin et al.,
1990] by
D(q)  JTc (q)
Jc(q) 02⇥Nc
  
q¨
Fext
 
=
 C(q, q˙)q˙  G(q) +B(q)u
 J˙c(q)q˙   2↵ ˙   2 
 
(4)
B. Impact Map
When legs’ touch-down (‘TD’) events happen, the system
states undergo an abrupt change due to large impulsive forces
during a short period time of impact. The generalized veloc-
ities after impact, q˙+, can be solved via the algebraic impact
law, Eqn.(6), with appropriate equality constraints, Eqn.(7),
based on the method introduced in [Hurmuzlu et al., 1994].
q+ = q  (5)
D(q)q˙+  D(q)q˙  = Jc(q)T
Z
Fextdt (6)
 ˙(q) = 0h⇥1 (7)
Having the updated system states, q+ and q˙+, and the
updated constraint equations, the interactive dynamics between
the robot and the ground is then simulated with the Coulomb
friction model.
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C. The Coulomb Friction Model
Due to lack of the accurate ground model, it is challenging
to design a controller to prevent a robot from slipping at every
step. Therefore, allowing slip in the simulator environment
with an appropriate friction model provides a more realistic
way of assessing robustness of a designed controller.
The Coulomb friction model defines a relation between
tangential and normal components of the GRF, Ft and Fn
respectively, namely the friction cone: |Ft|  µ|Fn|. Here
µ is the friction coefficient between a foot and the ground.
Computed GRFs, Fext, from Eqns (1), (3) should obey the
friction cone, and are closely related to the construction of
equality constraints, Eqn.(2).
The equality constraints are applied to the positions of each
ground-contact foot. We classify a ‘non-slip ground-contact
foot (NS)’ and a ‘slip ground-contact foot (S)’ and assign
equality constraints accordingly.
 (q) =

pNSc (q)
pSc,n(q)
 
 

pNSc (q0)
pSc,n(q0)
 
=

02NNS⇥1
0NS⇥1
 
(8)
 ˙(q) =
@
@q

pNSc (q)
pSc,n(q)
 
q˙ =

JNS(q)
JSn (q)
 
q˙ =

02NNS⇥1
0NS⇥1
 
, (9)
where q0 is the generalized coordinates at the ‘TD’ event. A
non-slip ground-contact foot position should be fixed during
integration, whereas the constraint in tangential direction for a
slip ground-contact foot should be vanished in order to allow it
to accelerate along the tangential direction. NNS is the number
of non-slip ground-contact feet, and NS is the number of slip
ground-contact feet.
If the foot slips the magnitude of the tangential component
of GRF is limited by the friction cone (|FSt | = µ|FSn |).
Hence, JTc Fext term in the Eqn.(1) is constructed as follows to
reduce the number of unknown variables: from q¨ and Fext =
[FNSt , F
NS
n , F
S
t , F
S
n ]
T to q¨ and Fext = [FNSt , FNSn , FSn ]T .
JTc Fext =

JNS
JSn + MJ
S
t
 T
Fext (10)
where M is a diagonal matrix of µ with slip direction informa-
tion. The impact map considering the Coulomb friction model
are constructed in a similar manner [Lee, 2013].
The multi-DoF planar rigid body model of the robot with
the impact map and the Coulomb friction model is utilized to
validate the performance of a control framework proposed in
the following section. In Section IV, we present properly cho-
sen parameters of the proposed controller and corresponding
simulation results.
III. QUADRUPEDAL LOCOMOTIVE CONTROL FRAMEWORK
This section addresses a locomotive control framework for
quadrupedal robots, which is based on two hypotheses:
1) The robot’s self-stabilizing behavior in locomotion,
without active stabilization efforts, can be preserved by
appropriately programming the virtual leg compliance.
2) According to equilibrium-point hypothesis, the modula-
tion of ground impulse is feasible through design of the
foot-end trajectories for the stance phase.
Gait Pattern Modulator
TD Event Detection
Target Gait PatternDesired Speed
Leg Trajectory Generator
Phase Signals
Leg Controller
Encoder  
Signals
Desired Foot-end Trajectory
Operator
High-level Controller
Low-level Controller
MIT Cheetah Robot 
& 
Environment
Currents
 ~S =
24 SFL,FR SFL,BL
 SFL,BR
35
Fig. 3: Schematic overall structure of the proposed hierarchical
locomotive control framework. Each block represents one step
and its corresponding control parameters. In this schematic
diagram, the reference leg is the front left leg, FL.
The primary objective of the proposed framework is to
describe quadrupedal locomotion with minimized number of
control parameters such as forward speed, gait patterns, and
foot-end trajectories. The overall structure of the proposed
controller is schematically represented in Fig.3. The gait
pattern modulator and the leg trajectory generator constitute
the high-level controller which determines gait coordination
among four legs and trajectories of each leg. An operator
specifies 1) a desired velocity vd and 2) a target gait pattern
expressed by  ~S. Also, the proprioceptive touch-down de-
tection on the ‘reference leg’ provides the controller with the
stride-initiation timing. The low-level individual leg controller
follows the impedance control. Table I shows the control
variables to be managed in the proposed controller.
Terminology Definition
vd Desired speed
 SFL,i the phase lag between FL leg and leg i
Tˆst Desired stance phase period
Tˆsw Desired swing phase period
C = ⇥CF , CB⇤ Bezier control points for swing phase trajectory
~Lspan = (Lspan,F , Lspan,B)T half of the stroke length
~  = ( F ,  B)T penetration depth for stance phase trajectory
~P0 = (P0,F , P0,B)T reference point of the trajectory
Kp,r radial stiffness of each leg
Kd,r radial damping of each leg
Kp,✓ angular stiffness of each leg
Kd,✓ angular damping of each leg
TABLE I: Nomenclature of sets of control parameters
A. Gait Pattern Modulator with Proprioceptive Sensory Feed-
back
The gait pattern modulator achieves a desired velocity and a
target gait pattern by coordinating the robot’s four limbs with
phase signals, ~S. The phase signal of each leg is defined to be
a timed location in the desired stride period. The desired stride
period is the sum of the desired stance and the desired swing
phase period, Tˆstride = Tˆsw + Tˆst, which are determined in
accordance with the commanded desired velocity.
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The temporal limb coordination, a gait pattern, is a major
component that characterizes quadrupedal locomotion. To im-
pose a specific target gait pattern such as walk, trot, canter,
and gallop, the gait pattern modulator assigns phase lag,  ~S,
among four legs.
1) Phase signals: Generated phase signals are referred
as parameters by the leg trajectory generator, for purposes
of designing stance/swing phase trajectories. Each signal
Sji 2 [0, 1] is time-normalized by Tˆst and Tˆsw, where
i 2 {FL, FR,BL,BR} is leg index and j 2 {st, sw} is
the leg-state index (stance, swing).
Maes et al. [Maes et al., 2008] showed that the swing period
of dogs’ running experiments remains relatively constant over
a wide range of speeds. We believe that dogs try to minimize
the swing phase regardless of locomotion speed and thus
maximizes the ground phase. We also choose the shortest
swing period that allows a decent trajectory tracking control to
maximize the ground phase to improve stability and minimize
the peak torque of the motor. The constant desired swing phase
period, Tˆsw, is prescribed as 0.25 sec. Furthermore, identical
swing dynamics of a pair of contralateral legs provides a high-
level controller with a simple way to stabilize body dynamics.
In animals, while swing duration is maintained, stride fre-
quency and contact time decrease as speed increases [Wickler
et al., 2003], [Vilensky et al., 1991]. Therefore the desired
stance phase period, Tˆst, is determined according to the
desired speed vd as:
Tˆst =
2Lspan
vd
, (11)
where Lspan is half of the stroke length as depicted in Fig.6;
which is also a half of the approximation of distance traveled
of the shoulder/hip joint during the stance phase. This implies
that stride frequencies are modulated to accelerate, which is
similar to [Kim et al., 2006]. Once the gait pattern modulator
is triggered, it assigns a stance phase Ssti and then a swing
phase Sswi to each leg, which completes a whole stride. If
an operator increase the forward speed of the robot, the gait
pattern modulator generates sawtooth signals as shown in
Fig.4 for each leg according to an increased frequency after
completion of the on-going stride.
2) Synchronization by proprioceptive sensory feedback:
The phase signals generated by the gait pattern modulator have
to be synchronized with the environment such that the stance
phase and the swing phase is properly commanded to a leg
when it touches down or lifts off the ground, respectively.
Therefore, the detection of touch-down (‘TD’) events and
lift-off (‘LO’) events become crucial. In many researches on
legged robots, a force sensor is attached to the foot-end for
the event detection as well as for interactive force-feedback
control and event-based stance-swing switching control.
The low mechanical impedance of the MIT Cheetah’s leg
enables the proprioceptive ‘TD’ detection without additional
force sensor, by sensing abrupt changes in the commanded
force computed by the impedance control scheme. This
changes are significant, higher than one commanded during the
swing phase. Therefore, the detection of the ‘TD’ event can be
analogous to a threshold switch, by setting a threshold value
on radial force, Fr. This type of sensing might be vulnerable
to chattering of the leg that can lead to multiple mis-detections
during an on-going stance phase. Therefore, if the ‘TD’ event
is detected once, it is disabled until completing the full stance
phase and additional 90% of the swing phase. Note that the
leg’s motion after executing 90% of the swing phase would be
primarily under the centrifugal force in the radially outward
direction. The proprioceptive touch-down feedback is activated
by the radially inward direction force.
3) Imposing gait patterns: In order to impose a desired gait
pattern, phase coupling among four legs is required together
with synchronization of legs’ touch-down. If all the leg-phases
are initiated by each ‘TD’ event, however, it is challenging
to maintain the consistency of the desired gait pattern with a
constant swing period policy. Therefore, a simple, but effective
way to maintain the consistency of the gait pattern has been
adopted: ‘TD’ event-based stride to stride pattern modulation.
Detection of a ‘TD’ event at the reference leg initiates the
leg’s phase signal generation; the other three legs’ phases are
matched to that of the reference leg with designated phase
lag,  ~S. The proposed method is versatile enough to define
symmetric/asymmetric gait pattern in one stride.
This ‘stride-to-stride’ method generates phase signals for
one stride and then waits for the next trigger. Therefore,
after completion of one stride, all the legs become stationary
until the next ‘TD’ event is detected on the reference leg.
This undesired stationary period is the result of minimal
adaptation to the environment while maintaining a specific gait
pattern, which is necessary for a locomotion on a rough terrain
with unexpected external disturbances. Ideally, the undesired
stationary period can be removed when the sum of two period
variables for stance/swing phase in the controller, Tˆsw + Tˆst,
are well-matched to the actual period.
4) Phase signal generation according to ‘TD’ elapsed time
and phase differences: A mathematical formulation of the
described phase signals is presented here. The phase signals
are created referring to the clocks of each leg in one stride. The
reference leg clock is the time elapsed after a ‘TD’ event, and
the other clocks have time delay with respect to the reference
leg clock.
The proprioceptive ‘TD’ detection is represented as a
boolean variable ‘TD’. It changes from FALSE to TRUE when
the event is detected, and one stride proceeds with the elapsed
time after the event as follows:
telapseref =
(
t  tTDref
Tˆstride if telapseref > Tˆstride
(12)
tTDref = t if (S
sw
ref > 0.9) ^ (‘TD’) (13)
ti = t
elapse
ref   Sref,iTˆstride (14)
where telapseref is the elapsed time after t
TD
ref , which is the
moment of the ‘TD’ event on the reference leg. ti is the
clock for each leg, where i 2 {FL, FR,BL,BR}.  Sref,i
is the phase lag of the leg i with respect to the reference leg,
represented as a fraction of the desired stride period. Note
that  Sref,ref is zero by definition. tTDref is updated discretely
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when the next ‘TD’ event is detected, while 90% of the swing
phase of the reference leg (Sswref ) is completed.
Ssti increases from zero to one during Tˆst and subsequently
Sswi repeats from zero to one during Tˆsw. Each leg phase
signal follows the reference time having its phase lag.
Ssti =
ti
Tˆst
0 < ti < Tˆst (15)
Sswi =
(
ti+Tˆsw
Tˆsw
if  Tˆsw < ti < 0
ti Tˆst
Tˆsw
if Tˆst < ti < Tˆstride
(16)
Here we present the phase signals generated by the proposed
gait pattern modulator and corresponding footfall-pattern dia-
grams for the trot and gallop gait patterns used for the executed
experiment. A front left leg (FL) is chosen as the reference
leg in the examples. To accomplish a specific gait pattern,
appropriate phase lags are prescribed with respect to the FL
leg. Trot gait is a symmetric gait pattern which has matching
phases for contralateral legs as in Fig.4.
 ~Strot =
24 SFL,FR SFL,BL
 SFL,BR
35
trot
=
240.50.5
0
35 (17)
6
where telapseref is the elapsed time after t
TD
ref which is the
moment of the TD event on the reference leg. ti is the clock for
each leg, where i 2 {FR,FL,BR,BL}.  Sref,i is the phase
lag of the leg i with respect to the reference leg, represented as
a fraction of the desired stride period. Note that  Sref,ref is
zero by definition. tTDref is updated discretely when the next
‘TD’ event is detected, while 90% of swing phase of the
reference leg(Sswref ) is completed.
Ssti increases from zero to one during Tˆst and subsequently
Sswi repeats from zero to one during Tˆsw. Each leg phase
signal follows the reference time having time delay, or, phase
lag with respect to the reference leg.
Ssti =
ti
Tˆst
0 < ti < Tˆst (14)
Sswi =
(
ti+Tˆsw
Tˆsw
if  Tˆsw < ti < 0
ti Tˆst
Tˆsw
if Tˆst < ti < Tˆstride
(15)
Here we present phase signals generated by proposed phase
modulator and corresponding foot fall pattern diagrams for trot
and gallop gait pattern used in the experiment. A front right
leg (FR) is chosen as the reference leg in the examples. To
accomplish a specific gait pattern, appropriate phase lags are
prescribed with respect to the FR leg. Trot gait is a symmetric
gait pattern, of which phase for contralateral legs are the same.
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Fig. 4: Sawtooth phase signals generated by phase modulator
for trot gait and its corresponding foot fall pattern diagram.
The phase difference is represented in the diagram.
The phase difference between each leg for a gallop, which
is an asymmetric gait pattern, is not well defined but varies
by literature. Here, following phase difference is chosen for
gallop.
 ~Sgallop =
 
 SFR,FL
 SFR,BR
 SFR,FL
 
gallop
=
 
0.2
0.55
0.75
 
(17)
B. Leg Trajectory Generator
The leg trajectory generator transforms the phase signals
from the phase modulator to the desired trajectories for each
Fig. 5: Sawtooth phase signals generated by phase modulator
for gallop gait and its corresponding foot fall pattern diagram.
The phase difference is represented in the diagram
foot-end which are designed with variable parameters. The leg
trajectory generator plays a key role in our scheme; the robot
is capable of managing its stability with adjustable trajectories
while following a specific gait pattern commanded by the gait
pattern modulator.
Swing phase and stance phase trajectories are designed
individually in different perspectives while guaranteeing con-
tinuous and smooth transitions: pure position control and
compliance force control, respectively.
Swing phase trajectories are designed by Be´zier curve
defined by a set of 12 control points, C = {ck}, and stance
phase trajectories are spatially designed as sinusoidal wave of
which period is twice of stroke length. Also, the trajectory
is designed about the reference point, ~P0 with respect to the
local shoulder/hip coordinate system. Fig.6 shows the designed
reference gait trajectory.
Fig. 6: The reference desired foot end trajectory with control
parameters. 12 control points of Be´zier curve are shown which
define the swing phase trajectory(black solid line). Multiple
overlapped points are denoted as ‘⇥n’. Stance phase trajectory
as sinusoidal wave is also described in the figure(red solid
line).
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Fig. 4: Sawtooth phase signals generated by gait pattern
modulator for tro gait and its corresponding footfall-pattern
diagram. The phase difference is represented in the diagram.
The phase differences among four legs for a gallop in
a imals, which is an asymmetric gait pattern, are observed
to vary according to the speed and the types of gallop. Here,
as one example, the following phase differences are chosen
for the gallopas in Fig.5.
 ~Sgallop =
24 SFL,FRFL,BL
 SFL,BR
35
gallop
=
24 0.20.55
0.75
35 (18)
5) Change of Gait Pattern for Trot-to-gallop Gait Tran-
sition: For the gait transition, a simple leg coordination
changing algorithm compatible with the gait pattern modulator
is also proposed. The biological principle of gait transition in
animals is not fully understood, but it is both hypothesized and
observed that animals have desirable gait patterns for different
speeds in terms of either metabolic energy efficiency [Wickler
et al., 2003] or minimal peak forces for each limb [Farley and
Taylor, 1991], and therefore gait transition is necessary while
accelerating or decelerating. As a gait pattern is defined with
the phase-lag vector  ~S, a smooth and continuous change of
the leg coordination can be achieved by variying  ~S linearly
6
where telapseref is the elapsed time after t
TD
ref which is the
moment of the TD event on the reference leg. ti is the clock for
each l g, where i 2 {FR,FL,BR,BL}.  Sref,i is the phase
lag of the leg i with respect to the reference leg, represented as
a fraction of the desired stride period. Note that  Sref,ref is
zero by definition. tTDref is updated discretely when the next
‘TD’ event is detected, while 90% of swing phase of the
reference leg(Sswref ) is completed.
Ssti increases from zero to one during Tˆst and subsequently
Sswi repeats from zero to one during Tˆsw. Each leg phase
signal follows the reference time having time delay, or, phase
lag with respect to the reference leg.
Ssi =
ti
Tˆst
0 < ti < Tˆst (14)
Sswi =
(
ti+Tˆsw
Tˆsw
if  Tˆsw < ti < 0
ti Tˆst
Tˆsw
if Tˆst < ti < Tˆstride
(15)
Here we present phase signals generated by proposed phase
modulator and corresponding fo t fall p ttern diagrams for trot
and gallop gait pattern used in the experiment. A front right
leg (FR) is chosen as the reference leg in the examples. To
accomplish a specific gait pattern, appropriate phase lags are
prescribed with respect to the FR leg. Trot gait is a symmetric
gait pattern, of which phase for contralateral legs are the same.
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Fig. 4: Sawtooth phase signals generated by phase modulator
for trot gait and its corresponding foot fall pattern diagram.
The phase difference is represented in the diagram.
The phase difference between each leg for a gallop, which
is an asymmetric gait pattern, is not well defined but varies
by literature. Here, following phase difference is chosen for
gallop.
 ~Sgallop =
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 SFR,FL
 SFR,BR
 SFR,FL
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0.2
0.55
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B. Leg Trajectory Generator
The leg trajectory generator transforms the phase signals
from the phase modulator to the desired trajectories for each
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for gallop gait and its corresponding foot fall pattern diagram.
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foot-end which r designed with v riable param ters. Th leg
trajectory generator plays a key role in our scheme; the robot
is capable of managing its stability with adjustable trajec ories
while fo lowing a specific gait pattern commanded by the gait
pattern modulator.
Swi g phase and stance phase trajectories are designed
individually in different perspectiv while guaranteeing con-
tinuous and smooth transitions: pure position control and
compliance force control, respectively.
Swing phas traject ries are d signed by Be´zier curve
defined by a set of 12 control points, C = {ck}, and stance
phase trajectories are spatially designed as sinusoidal wave of
which period is twice of stroke length. Also, the trajectory
is designed about the reference point, ~P0 with respect to the
local shoulder/hip coordinate system. Fig.6 shows the designed
reference gait trajectory.
Fig. 6: The reference desired foot end trajectory with control
parameters. 12 control points of Be´zier curve are shown which
define the swing phase trajectory(black solid line). Multiple
overlapped points are denoted as ‘⇥n’. Stance phase trajectory
as sinusoidal wave is also described in the figure(red solid
line).
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with time over multiple stride times or a specified duration. For
example, the leg coordination for the trot-to-gallop transition
can be described as
 ~S =  ~Strot + ( ~Sgallop   ~Strot)SAT ( t  tgt
 Tgt
, 1) (19)
where tgt is the transition starting time, Tgt is the duration of
the gait transition, and SAT is the saturation function3. This
simple gait transition strategy can be effective if the robot
after the leg coordination change can be stabilized with the
proposed controller with tuned set of parameters for the gallop
gait.
B. Le Trajectory Generator
The leg trajectory generator transforms the phase signals
from the gait pattern modulator to the desired trajectories for
each foot-end, which are designed with variable parameters.
The leg trajectory generator plays a key role in our scheme:
the robot is capable of managing its stability with adjustable
trajectories while following a specific gait pattern commanded
by the gait pattern modulator. The swing-phase and the stance-
phase trajectories are designed individually for different pur-
poses; the position-control and the compliance-force control.
The swing-phase trajectories are designed by Be´zier curve
defined by a set of twelve control points, C = {ck}, and stance-
phase trajectories are spatially designed as sinusoidal waves
of which the period is twice the stroke length. Also, both
trajectories are designed around a single reference point, ~P0
with respect to th local shoulder/hip coordinate system. Fig.6
shows the designed reference gait trajectory.
1) Design of the trajectory in the swing phase: The primary
design objective of the swing-phase trajectory is to protract a
leg with sufficient ground clearance in order to avoid obstacles,
and to have desirable swing leg retraction rate in order to
reduce touchdown energy losses of running [Haberland et al.,
2011]. Also, a well designed smooth swing-phase trajectory
in the feasible leg-workspace, pswi (t), prevents abrupt changes
in leg dynamics like jerk which can lead to instability of the
whole body.
The three-segmented pantographic design of the MIT Chee-
tah leg enables protraction with low energy usage by exploiting
its natural dynamics. A swing phase trajectory is designed by a
3SAT (x, y) =
⇢
x if x  y
y Otherwise
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Fig. 6: A desired foot-end trajectory defined by the control
parameters ck, Lspan,   and ~P0. Twelve control points of
Be´zier curve for the swing-phase trajectory (black solid line)
are shown in the figure. Multiple overlapped points are denoted
as ‘⇥n’. The sinusoidal wave of the stance-phase trajectory is
shown together in the figure (red solid line).
two-dimensional Be´zier curve constructed with twelve control
points. This design approximates the protraction trajectory to
around the natural behavior of the legs, as well as satisfying
geometrical requirements (ground clearance). It is parameter-
ized by a corresponding swing-phase signal, Sswi 2 [0, 1] as:
pswi (t) = p
sw
i (S
sw
i (t)) =
nX
k=0
ckB
n
k (S
sw
i (t)) (20)
vi(t)
sw =
dpi
dSswi
dSswi
dt
=
1
Tˆsw
dpi
dSswi
, (21)
where Bnk (S
sw
i (t)) is the Bernstein polynomial of degree n,
(n+1) is the number of control points (12 in this paper), ck 2
<2 is a k-th control point where k 2 {0, ..., 11}.
Horizontal (x) and vertical (y) positions of control points
are designed independently with respect to the hip/shoulder
joint, considering the properties of Be´zier curves. The details
are described at Appendix D. In vertical direction,
1) Double overlapped control points, c0,y and c1,y , are used
for zero vertical velocity with respect to a should/hip
joint at legs’ lift-off (‘LO’).
2) For transition from ‘follow-through’ to ‘protraction’, the
force direction is changed by triple overlapped control
points.
3) During ‘protraction’, double overlapped control points
change the direction of the trajectory.
4) For the smooth force transition to ‘swing-leg retraction’
in the y-direction, the acceleration direction is changed
by triple overlapped control points.
5) Double-overlapped control points, c10,y and c11,y , are
used for zero vertical velocity with respect to a shoul-
der/hip joint at legs’ touch-down.
The total twelve required control points are shown in Fig.7 as
red circles.
x-axis
y-axis
Fig. 7: separation of 12 control points of Be´zier curve for
swing-phase trajectory into vertical direction and horizontal
direction
In the horizontal direction, the leg initially has ‘follow-
through’, changes the direction, has ‘protraction’, changes
direction again and has ‘swing-leg retraction’ sequentially.
Therefore:
1) The horizontal velocity at ‘LO’ is proportional to the
difference between c0,x and c1,x.
2) To change the direction after ‘follow-through’, double-
overlapped control points are positioned.
3) During protraction, the acceleration direction is changed.
Thus, triple-overlapped control points are positioned.
4) Changing direction to have ‘swing-leg retraction’ re-
quires double-overlapped control points.
5) The velocity of ‘swing-leg retraction’ is proportional to
the difference in the x-direction between c10,x and c11,x
Fig.7 shows 11 required control points as blue circles. In this
paper, 12 control points are used for the horizontal direction
as well as the vertical direction for ‘single instruction multiple
data streams (SIMD)’, a fast and efficient computation algo-
rithm, by coping with Be´zier control points as 12⇥ 2 array.
The twelve control points for the designed foot-end tra-
jectory are listed in Table II. Satisfying the requirements
described above, the swing-phase foot-end trajectory of the
front right leg, for example, is designed to create ground
clearance of 150 mm in the middle of ‘protraction’, a swing-
leg retraction speed of 3.86 m/s with prescribed Tˆsw = 0.25
s, Lspan = 200 mm, and P0 = (0 mm, 500 mm) as Fig.6. If
the body reference frame coincides with the inertial reference
frame (See Fig.2), the legs’ angle of attack at the touchdown
with the designed foot-end trajectory is set to be 68 deg with
Lspan = 200 mm, referring to biological data of a trotting
dog [Gross et al., 2009]. To adjust the stroke length, the
stroke length multiplier  stroke is introduced to an operator
such that the robot has the modified half of the stroke length,
Lspan =  stroke⇥ 200 mm, which leads to change of legs’
angle of attack. The first column in Table II is scaled by
 stroke to adjust the stroke length.
2) Design of the trajectory in the stance phase: The stance-
phase control of each leg directly affects the performance of
quadruped locomotion via interaction with the ground. The
robot body dynamics results from net horizontal impulses and
net vertical impulses exerted by the four legs. To achieve pe-
riodic motion of the center of mass of the body in the vertical
direction during running, the following vertical momentum
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x (mm) y (mm)
c0 -200.0 500.0
c1 -280.5 500.0
c2 -300.0 361.1
c3 -300.0 361.1
c4 -300.0 361.1
c5 0.0 361.1
c6 0.0 361.1
c7 0.0 321.4
c8 303.2 321.4
c9 303.2 321.4
c10 282.6 500.0
c11 200.0 500.0
TABLE II: 12 control points for Be´zier curve for designing
swing phase trajectory.
conservation equation must be satisfied:
mgTstride =
X
contact
Z Tst
0
Fnext(t) dt, (22)
wherem is the robot mass, Tstride and Tst are the actual stride
period and actual stance-phase period, respectively, and Fext
are external forces, i.e., GRFs. While maintaining the sum
of vertical impulses, the redistribution of vertical impulses to
each leg is necessary because the combination of net horizontal
impulse and net vertical impulses induce pitch moment to the
robot [Lee et al., 1999].
The direct force control for stabilization of the robot’s body
dynamics is challenging because nonlinear coupling between
variables such as Tst, Tstride and Fext in Eqn.(22) requires
well-defined model with minimal model uncertainties. More-
over, to compute and generate desired force vector profiles
at each foot-end correctly, either exact measurement of the
robot orientation, or reliable state estimation which requires
concurrent regulation for accumulated error, is necessary .
Due to these underlying difficulties, a stance-phase control
in this paper is designed in local coordinates, only with
feasible sensory feedback such as kinematic data measured
by joint encoders. As we mentioned above, we create virtual
compliance in four legs to employ a possible advantage of the
self-stabilizing characteristic. This virtual compliance provides
an effective way to solve the complex problem of contact
force control, the equilibrium point hypothesis [Bizzi et al.,
1992]. The equilibrium point hypothesis proposes that animals
might exert proper force on the environment by controlling
the equilibrium point of their limbs’ virtual compliant system
to have a penetration depth into a contact surface. Then, the
instantaneous difference between the actual position on the
ground and the equilibrium position in the designed trajectory
generates the requisite GRFs without solving complex inverse
dynamics problems. Therefore, the stance-phase trajectory has
to be designed from a different standpoint than the swing-
phase. Rather, the stance-phase trajectory should be the tra-
jectory of equilibrium points for the virtual leg compliance.
The trajectory tracking error in the stance phase is mainly
induced by the GRF, due to the interaction with the ground.
The impedance control realized by the leg controller generates
reactive forces at the foot-end according to the displace-
ment/velocity errors at the foot-end. The integration of the
generated forces by the contact legs during the stance period
is the impulse as expressed in the right-hand-side of Eqn.(22).
yr ye
y
Desired trajectory
Virtual 
leg compliance
ey, e˙y
Impulse 
generation
Fy
  Tst
0 dt
Vertical 
position/velocity  
error
Fig. 8: Stance-phase trajectory design with equilibrium-point
hypothesis: Along with the vertical axis, the tracking error
between the actual foot-end position and the designed foot-
end trajectory is converted into the vertical force incorporated
with the leg compliance. The time-integral of the force during
the stance period is the vertical impulse.
We believe that the leg force of the fast running robot
exerted on the ground can be modulated through adjusting
the penetration depth of the virtual reference trajectory into
the ground, as shown in Fig.8, where yr and ye are the
vertical components of a desired trajectory, and the ground
level. Especially at high speed, leg dynamics is significantly
faster than body dynamics, and the shoulder/hip height ye
is almost stationary while the robot’s leg is moving. When
this assumption is effective as shown by vertical leg length
experimental data in Fig.31 in Section VI, the shape of the
trajectory error in the vertical direction follows that of the
desired trajectory. Therefore, the vertical force exerted to the
ground is determined by the virtual impedance as well as the
stance-phase trajectory. If an implementable gain set for the
impedance control is predefined, it is possible to adjust the
vertical impulse exerted on the ground during the stance period
through the design of the trajectory [Jung et al., 2004].
The stance-phase trajectory is proposed to simply as a sinu-
soidal wave with two parameters, as depicted in Fig.6: 1) half
of the stroke length, Lspan and 2) amplitude variable,  . Based
on the phase signals, Ssti , the reference foot-end trajectory of
each leg is generated during Tˆst. Stance-phase trajectories for
each leg are parameterized by the corresponding phase signal,
Ssti 2 [0, 1] as
psti,x(t) = Lspan(1  2Ssti (t)) + P0,x (23)
psti,y(t) =   cos(
⇡
2Lspan
pi,x(t)) + P0,y (24)
vsti,x(t) =
dpi,x
dSsti
dSsti
dt
=  2Lspan
Tˆst
(25)
vsti,y(t) =
dpi,y
dpi,x
dpi,x
dt
=
 ⇡
Tˆst
sin(
⇡
2Lspan
pi,x(t)) (26)
The vertical stance-trajectory is designed by using a sinu-
soidal wave with its amplitude   which determines yr when
ye is almost stationary in Fig.8. We intend to simply modulate
GRFs for the robot’s running, through tuning the amplitude,  
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of a sinusoidal wave for the stance control, especially for a trot
gait which shows, in general, small pitch variation. The higher
  is, the deeper the penetration of the desired stance trajectory
into the ground and therefore, the net vertical impulse during
the stance phase can be increased.
The stance-phase trajectory in the horizontal direction is
designed under the assumptions that the foot does not slip
and that the velocity of the shoulder/hip relative to the foot-
end is constant as the desired velocity during Tˆst. Lspan
approximates a half of the distance traveled by a hip/shoulder
during each stance phase. Therefore, the robot retracts the foot-
end in the stance phase by Lspan with the constant speed, vd in
Eqn.(11). To guarantee continuity at transitions between stance
and swing phases, both control parameters, Lspan and ~P0, are
set to be identical to design of the swing-phase trajectory.
A series of harmonic functions can create various shape
of trajectories with a few parameters which can generate
different impulses. In this paper, only a sinusoidal stance-phase
trajectory is generated, with the amplitude,  , as a control
variable for trot gait. We expect a higher-order series can be
used for asymmetric gait pattern.
3) Scaling and translation of the designed trajectory:
Once the reference trajectory is defined, additional four DoFs
are permissible to the operator for adjusting the predesigned
reference trajectory in order to adapt to the environment. The
four parameters are translations of the reference point ~P0 in
the horizontal and vertical directions, scaling of the entire
trajectory in horizontal direction, and penetration depth  . The
potential usage of P0,x is inspired by [Hodgins and Raibert,
1991]. For trot, the value is set to zero, but further investigation
is required for gallop where more aggressive acceleration and
deceleration per step is likely to be realized.
C. Low-Level Individual Leg Controller
The impedance control is introduced to each leg controller
on the proprioceptive force control actuators for two main
reasons: to provide virtual compliance during the stance
phase - the enabling condition for the self-stability, and to
accomplish motion tracking control in the swing phase without
addressing computationally expensive inverse kinematics or
inverse dynamics. Since the impedance controller provides
stable motion control and effective interaction control, we can
avoid the complex problem of switching between stance and
swing control, which involves exact event detection.
A virtual compliant leg system could be realized as the
visco-elastic model of a muscle, without installing any me-
chanical spring and damper on the leg. For that, the agility
of the mechanical and electrical leg system enables the low-
level leg controller to impose a programmable virtual leg
impedance despite of rapidly time-varying equilibrium point.
The mechanical bandwidth of the robot’s leg in the radial
direction is measured to be 57 Hz with efforts to minimize
the leg’s mechanical impedance and to use low gear reduction
ratio by increasing the motor’s torque density. The legged
robot inevitably has ground impact, which generates a wide
frequency range of disturbance. In order to stabilize such a leg
system and create virtual compliance, the fast sample rate for
the overall closed loop is required; therefore an FPGA/RT-
based control architecture is constructed to achieve 4 kHz
control sample rate.
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Fig. 9: Front leg with the impedance control: virtual leg com-
pliance realization with programmable stiffness and damping
for radial/angular directions
Virtual leg impedance is created in the polar coordinate as
in Fig.9. The ‘virtual leg’ is defined as the straight line from
the should/hip joint to the foot-end of each leg. Imposing this
virtual spring and damper allows for adopting results from
biological examinations, simplified dynamic model studies and
previous robotic experiments with mechanical springs installed
on legs, such as the proper value for leg stiffness and angle
of attack.
Leg Trajectory Generator
 
forward kinematics 
from body to foot-end
Polar 
transformation
PD 
controller
JTc (q)Environment
leg dynamics
Leg Impedance Controller
JTpolar(q)
Fig. 10: Block diagram for leg controller; implementation of
the impedance control to create virtual leg compliance.
Fig.10 shows the block diagram for an individual leg
impedance controller implemented on the real robot. Based
on the measurement of joint positions by the rotary encoders,
a foot-end position/velocity can be computed by using the
leg forward kinematics and Jacobian, with respect to a shoul-
der/hip, respectively.
The Cartesian position and velocity errors in trajectories
are transformed to the polar coordinate and multiplied with
the predefined impedance to calculate torque commands for
each motor as:
u = JTpolar

Kp,rer +Kd,r e˙r
Kp,✓e✓ +Kd,✓ e˙✓
 
, (27)
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where er, e˙r, e✓, and e˙✓ are radial position error, radial
velocity error, angular position error and angular velocity error
and Jpolar is Jacobian from hip to foot-end.
IV. SIMULATION RESULTS
We evaluated the performance of the developed controller
in our simulator before implementing it on the real machine.
With the proposed control framework, steady-state periodic
locomotions of the robot are found for various speeds, and
local stability of each limit cycle is investigated. Lastly,
simulation for multiple strides in the presence of initial large
perturbations shows sufficient basins of attraction of the limit
cycles, which implies the self stability.
The dynamic simulation with the robot model, periodic
steady-state motion search, and local stability analysis are
conducted in MATLAB R2013a (Mathworks Inc.). The con-
strained EoMs with inelastic impact and Coulomb friction
models, derived in Section.II, are numerically integrated using
ode45 solver with RelTol 1e-6 and AbsTol 1e-6.
A. Control Parameters for the Simulation
A control strategy with the developed controller introduced
in the previous section was verified in the simulation and
applied to the experiment. The strategy is quite simple; we
first search a suitable set of parameters explained in Table
I, which provides stable locomotion at a value of speed, 4.5
m/s, the minimum target speed, and then increase/decrease the
robot’s speed by changing the parameter vd.
Gait pattern modulator
Terminology Value
Tˆst Varies according to Eqn.(11)
Tˆsw 0.25 s
 ~Strot [0.5, 0.5, 0]T
Leg trajectory generator
Terminology Value
BF Be´zier control points in Table II
Lspan,F 170 mm ( stroke,F = 0.85)
 F 36 mm
P0,F (0 mm, -500 mm)
BB Be´zier control points in Table II
Lspan,B 170 mm ( stroke,B = 0.85)
 B 10 mm
P0,B (0 mm, -500 mm)
Leg impedance controller
Terminology Value
Kp,r 5,000 N/m
Kd,r 100 Ns/m
Kp,✓ 100 Nm/rad
Kd,✓ 4 Nms/rad
TABLE III: A set of control parameters designed for the
simulation.
We mainly adjust two control parameters, penetration depths
for stance phase trajectory ~  = ( F ,  B), to stabilize the
body pitch while observing the locomotive behavior of the
robot model. The other parameters such as leg compliance and
swing trajectories are predetermined as follows. Referring to
the dimensionless analysis of ‘relative leg stiffness’ of running
animals (denoted as krel,leg in [Blickhan and Full, 1993]), the
virtual radial stiffness of each leg of the robot was set to be 5
kN/m. The gain values for radial damping (Kd,r = 100 Ns/m),
angular stiffness (Kp,✓ = 100 Nm/rad), and angular damping
(Kd,✓ = 4 Nms/rad) were obtained from preliminary single
leg experiments [Seok et al., 2012]. The swing trajectories
for four legs were set to be identical by sharing the same
set of control points for the Be´zier curve. The half of the
stroke length, Lspan, is determined as 170 mm for all legs
retaining increasing margin of the stroke length, by setting
the parameters  stroke,F and  stroke,B to be 0.85, which
corresponds to legs’ angle of attack of 71 deg.
In the simulation, the periodic steady state locomotion at a
target speed, 4.5 m/s, is initially found with the control param-
eters listed in Table III. The parameters, ( F , B), are carefully
adjusted so that two steps of trot gaits show symmetric height
variation (See Fig.13). Snapshots of trotting simulation using
these control parameters are shown in Fig.11.
1 2 3 4 5 6
Fig. 11: Snapshots of trot running in the simulation. Speed of
the robot model’s periodic steady-state around 4 m/s
To increase/decrease the forward speed of the robot model
with the trot gait, the stride frequency is modulated in ac-
cordance with vd =
2Lspan
Tˆst
as described in Section.III. The
compliance and trajectories of each leg were fixed for a range
of speeds. This is supported by biological observations and
previous robotic experimentation. Farley et al. observed that
leg stiffness(kleg) is independent of the locomotion speed.
They also noted that animals such as dogs and horses increase
their stride frequency linearly with speed in the trot gait [Farley
et al., 1993]. In the following analysis, the desired speed vd is
varied as mentioned above, having the other control parameters
fixed.
B. Steady Periodic Running
Periodic steady-state locomotion of the robot model with the
designed controller at different speeds are simulated. Instead
of following trajectories of every states of the robot, we seek
a function that maps states at the beginning of the kth stride
to states at the (k+1)th stride, i.e., stride-to-stride return map,
also known as Poincare` map. This way of analyzing steady-
state behavior and orbital stability is conventional in legged
robotics [Remy, 2011]. The analytic expression of this map-
ping function is challenging for large dimensional systems,
but often computed numerically by means of observing the
discrete changes of states while integrating EoMs.
It is typical to choose Poincare` section as ground contact
of a specific leg in legged machines [McGeer, 1990], and we
define ours as the instants at which the reference leg touches
down the ground, as it triggers the gait pattern modulator in
the controller (See Fig.12). For our 22-dimensional system,
we only map 21 states: all states but horizontal displacement,
since horizontal translation is not periodic and monotonically
increasing. The reduced-dimension robot states for two suc-
cessive touchdowns of the reference leg is related as
xk+1 = P(xk) (28)
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and finding limit cycle of the steady-state periodic locomotion
is equivalent to finding the fixed point of P .
x⇤ = P(x⇤) (29)
Reference leg touchdown  
at (k)th stride
Reference leg touchdown  
at (k+1)th stride
xk+1 = P(xk)
Fig. 12: Stride-to-stride return map to analyze steady-state
motion and local orbital stability of the limit cycle. The
instants at which the reference leg touches down the ground
define the Poincare` section.
− − − − −
 −	 − − 
− 
−
 
− 

 

 
 
         




















  
    
            
    
−  
−  
−  

−  

  
  

  
  
             






















   	 
         
− 
− 
−


 
 


5









   	 
         
  
 
  
   
  
   





5
1


1


 

   	 
         

	





13
7
3

42





 

4
      4
 2    1  45   8 45 5    3160        4
 2    1  45   8 45 5    3160  	      4
 2    1  45   8 45 5    3160  
      4
 2    1  45   8 45 5    3160        4
: Poincare section
Fig. 13: Limit cycles of the robot model projected onto the
robot’s pitch and height phase portraits at different speeds: 2.5
m/s, 3.5 m/s, 4.5 m/s, 5.5 m/s. Poincare` section is indicated
on the limit cycle as red dotted lines.
The limit cycles of the robot, at high speeds we are
interested in (3.5, 4.5, 5.5 m/s), are plotted together with
the limit cycle at 2.5 m/s in Fig.13. We visualize the limit
cycles in the 21-dimensional space by projecting them onto
2-dimensional space of interest. Here, the pitch and height of
the robot model (qpitch, y in Fig.2) are chosen since they are
most informative to describe body dynamics. To find each limit
cycle, we use MATLAB fmincon routine of the optimization
toolbox. In order to choose initial seeds for this single shooting
optimization, we run simulation with a reasonable set of initial
conditions, and evaluate the states at Poincare` section after 10
seconds of running.
A characteristic of the proposed gait pattern modulator
using ‘stride-to-stride gait pattern modulation triggered by the
reference leg’s touchdown’, is observed in limit cycles at high
speeds (Fig.13). Two steps in one periodic stride of trot gait
follow different orbits in limit cycles; while we found the
symmetry of two orbits at 4.5 m/s, the leading step after the
touchdown of the reference leg (the Poincare` section) and the
trailing step follow different orbits at different speeds. The
robot’s pitch and height variations at high speeds are small
compared to the pitch and height variation at a low speed, 2.5
m/s. As the robot’s speed increases, the stance period of each
leg shortens. In order to satisfy the conservation of vertical
momentum in Eqn.(22), peak ground reaction forces at the
foot-end is required to increase. Since ~  = ( F ,  B) are fixed,
the average body height tends to decrease, compensating these
required forces. The hind legs are coupled with the spine as
described in Section.II. The vertical effective impedance of
the front leg is comparatively smaller than one of the hind
legs. Therefore, the projected limit cycles onto the pitch phase
portrait tends to move left in Fig.13 as speed increases, which
implies the robot is slightly tilted to the nose-down direction.
C. Local Stability of Steady Periodic Motion
We first examine that the limit cycles we found are locally
stable. The local orbital stability of a limit cycle is equivalent
to the local stability of the fixed point of Poincare` map. From
the Talyor expansion, the tangent linearization of the Poincare`
map about the fixed point gives:
xk+1 = P(xk) = P(x⇤ + xk) ⇡ P(x⇤) + (rP) xk (30)
where  xk = xk   x⇤ is the kth perturbation and (rP) is
the gradient of the map with respect to the states computed at
the fixed point. By definition P (x⇤) = x⇤ and we can rewrite
Eqn.(30) as
 xk+1 ⇡ (rP) xk (31)
The Eqn.(31) is linear approximation of stride-to-stride map of
small perturbation about the fixed point. The rP is known as
monodromy matrix of the Poincare` map and the eigenvalues of
this matrix are called Floquet multipliers. Mathematically, if
the magnitude of all Floquet multipliers are strictly less than
one, the perturbation is vanished over time. The limit cycle
with this property is thus stable and any phase trajectory near
the limit cycle is attracted to it [Remy, 2011].
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a) Floquet multiplier at 3.5 m/s b) Floquet multiplier at 4.5 m/s c) Floquet multiplier at 5.5 m/s
Fig. 14: Eigenvalues of the monodromy matrices at different
value of speeds: 3.5 m/s, 4.5 m/s, 5.5 m/s. No eigenvalue has
magnitude greater than 1, which proves local stability of each
limit cycle of the robot with the proposed controller.
The monodromy matrices and Floquet multipliers can be
numerically computed by perturbing each state and observing
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the return map [Goswami et al., 1997]. The eigenvalues we
found are shown in Fig.14. The maximum magnitude of
Floquet multipliers for different values of speed are listed in
Table IV. Since all eigenvalues are within the unit circle, we
can conclude that the locomotion with the trot gait at each
speed has a stable limit cycle. Note also that most of the
eigenvalues are close to 0 since the individual leg controllers
regulates perturbation in leg joint states during swing phase.
Forward speed (m/s) Max. magnitude of Floquet multipliers
3.5 0.6898
4.5 0.6332
5.5 0.7334
TABLE IV: Maximum magnitudes of Floquet multipliers at
three different trotting speeds.
D. Stable Trotting of the Robot Model with Large Initial
Perturbations
The Floquet multipliers in the previous section only con-
cludes local stability under small perturbations. To evaluate
the stability of the system under large initial perturbations, we
let the simulation run with initial conditions far from steady
states in the periodic locomotion and examine the data for a
multiple stride time (11 sec.).
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Fig. 15: Trot running simulation performance in presence of
large initial perturbations at various speeds of steady state
around 2.5 m/s, 3.5 m/s, 4.5 m/s, 5.5 m/s. Pitch (top), height
(middle), and horizontal speed (bottom) are plotted over time.
Perturbations are damped out as the robot approaches periodic
steady-state locomotion.
Fig. 15 shows the self-stabilizing behavior even in the
presence of large initial state perturbations such as speed, the
body height and pitch. The state of robot model successfully
converges to the periodic steady-state locomotion at different
desired speeds with the trot gait with the developed controller.
Note that the initial perturbations are large enough to have
overlapped states. Even under those large perturbations, the
robot model’s state converges to its periodic steady state
around a commanded speed. Therefore, we concluded that the
controller is able to be extended to a real machine for stable
and robust trot running. Stability at different commanded
speed also implies that the acceleration strategy we introduced
is applicable; changing a single parameter vd in the controller
to accelerate/decelerate the robot.
E. Approximation of Ground Reaction Forces (GRFs) at Each
Foot-end: Simulation
To increase torque-transparency from the actuator to the
foot-end of each leg, the leg manipulator system of the
MIT Cheetah has minimized inertias with high torque-density
electromagnetic motors and low gear reduction ratio [Seok
et al., 2012]. The minimized mechanical impedance allows
estimation of the GRFs by using actuating torques, ⌧ , as
Fext ⇡ R( JTCart(q)) 1⌧ (32)
where Fext is GRFs, R is the rotation matrix to compensate
the orientation of the front/back body reference frame with
respect to the inertial frame, JCart is the local Jacobian of the
shoulder/hip joint to the foot-end of each leg in the Cartesian
coordinate, and ⌧ is the generated torques at the leg’s joints
according to the virtual leg compliance, respectively.
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Fy at FL leg
Fy at BR leg
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Fx at BR leg
a) Simulated ground reaction forces
b) Estimated forces at the foot-end
c) GRF estimation error
FL 
Stance 
phase
FL 
Swing 
phase
BR 
Stance 
phase
BR 
Swing 
phase
Fig. 16: a) Simulated GRFs, b) estimated foot-end forces, and
c) GRF estimation error: force differences between the GRFs
and the estimated foot-end forces when the robot model is
trotting with a steady periodic motion at 4.5 m/s.
During steady periodic trot running at 4.5 m/s, the GRF
profiles are solved in the simulator using Eqn.(4), and the foot-
end force profiles are estimated by Eqn.(32) for one diagonal
pair of legs of the robot model, as shown in Fig.16. Solid lines
and dotted lines are horizontal and vertical force components
at each foot-end. Note that the solved GRFs are similar to
the estimated foot-end forces in the stance periods. This result
implies that GRFs can be effectively estimated from local data,
leg kinematics and torques. This approximation is also verified
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by a single leg drop test shown in Fig.32. To estimate GRFs
on the real machine in the absence of force sensor, we employ
this method in Section.V.
F. Smooth Change of Leg Coordination for Trot-to-gallop
Transition
Fig.17 shows the snapshots of the gait transition simulation
by linearly varying the gait pattern parameters,  ~S over one
stride time period. We applied the identical trajectory used for
the trot running, changing only the gait pattern. If a control
parameter set for the stable gallop gait can be found, the
role of the gait transition is to make the states of the robot
enter into a basin of attraction which the galloping dynamics
constructs. A loss of stability which might be induced during
the gait transition have to be managed by the stability margin
of the gallop gait. Its completion is left for a following paper
that addresses galloping implementation of the MIT Cheetah,
exactly using the proposed gait transition method.
x x
trot
gallop
1 2 3 4
5 6 7 8
Fig. 17: Snapshots of gait transition from trot to gallop by
linearly varying gait pattern parameters  ~S over one stride
time period.
V. EXPERIMENTS ON THE MIT CHEETAH
The MIT Cheetah running experiment addressed in this
section demonstrated the performance of the proposed control
framework on the real robot. During the experiments, the
sagittally-constrained MIT Cheetah was able to achieve a fast
and stable trot, reaching up to about 6 m/s. The trot-to-gallop
gait transition was also tried. See Extension 1 in Appendix.A.
However, the controller could not stabilize the gallop gait, after
the gait transition by linearly varying the gait parameters.
A. Experimental Setup
The MIT Cheetah was sagittally constrained on a modified
commercial treadmill (SOLE TT8) as shown in Fig.18. The
treadmill motor (3.5 hp TURDAN DC.PM 90V-25A) is manu-
ally controlled by a NI sbRIO-9642 with a motor driver (Apex
Microtechnology MSA260KC) to synchronize its speed with
the robot running speed. The maximum speed of the treadmill
is measured to be 6 m/s. A minimal friction sliding guide is
connected to the CoM of the robot through a revolute joint in
order for the roll and yaw motion of the robot. The effective
mass of the guide on the robot, 3 kg, is equivalent to the
mass of the four 22.2 V serially-connected LiPo batteries (465
Whrs) which were housed in the explosion-proof box outside
of the robot for safety.
The only feasible sensory feedbacks on the controller were
positional data for each leg joint given from the 13-bit rotary
Treadmill
sagittally constrained guide
slide guide
velocity
control
Cheetah
CoM 
Fig. 18: Experimental setup: the sagittally constrained MIT
Cheetah runs on the speed-controlled treadmill.
magnetic encoders installed at developed dual-coaxial BLDC
motor units of each leg. Other state feedbacks of the robot
were not available in the experiment. For the ‘TD’ detection
of the reference leg, the proposed proprioceptive feedback
is set with the value of the threshold force, 2N, which
was obtained in the preliminary experiment. Four Dynamixel
EX-106+ smart motors were used to control ab/addution of
each leg. Also, a customized motor driver (MCU: Microchip
dsPIC30F6010) handled the current control of each motor at
20 kHz.
The hierarchical controller was implemented with 4 kHz
overall closed-loop sample rate on the FPGA/RT based com-
pactRIO (cRIO-9082) with the LabVIEW software. A wireless
network (802.11 protocol) with the robot was established and
the controllable parameters were able to be wirelessly adjusted
by the operator through the LabVIEW front panel. All the data,
such as the measured joint angles and commanded currents,
were saved with the sampling rate 4 kHz through the RT FIFO
memory to the embedded flash memory during the experiment.
B. Control Parameters for the Experiment
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Shoulder Joint Hip Joint
Front Legs Back Legs
a) Front Legs b) Back Legs
Fig. 19: The leg trajectories implemented on the experiment
within the allowable workspace (red shaded region) of the MIT
Cheetah
The predefined gait trajectories for the experiment are
shown with respect to the shoulder joint for the front legs and
the hip joint for back legs in Fig.19. Shaded regions were the
workspace for each leg based on its mechanical joint limits.
The control parameters for front and back legs, denoted as F
and B respectively, are listed in Table V.
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6 m/s trot running
Footfall Pattern
Fig. 20: Snapshot for the trot-running gait of the MIT Cheetah with each footfall diagram: the existence of the aerial phase is
observed between each step of a leg pair in trotting gait
Gait pattern modulator
Terminology Value
Tˆst Varies according to Eqn.(11)
Tˆsw 0.25 s
 ~Strot [0.5, 0.5, 0]T
Leg trajectory generator
Terminology Value
BF Be´zier control points in Table II
Lspan,F 170 mm ( stroke,F = 0.85)
 F 36 mm
P0,F (0 mm, -500 mm)
BB Be´zier control points in Table II
Lspan,B 170 mm ( stroke,B = 0.85)
 B 0 mm
P0,B (0 mm, -550 mm)
Leg impedance controller
Terminology Value
Kp,r 5,000 N/m
Kd,r 100 Ns/m
Kp,✓ 100 Nm/rad
Kd,✓ 4 Nms/rad
TABLE V: A set of control parameters designed for the
experiment.
The control parameters were slightly adjusted based on the
parameters used in the simulation during the preliminary
experiment: trot-walking at low speed. With consideration of
the coupling effect between the semi-active spine and back
legs, the stance trajectory design of the back legs was con-
servatively designed just as flat simply by describing  B = 0,
which is discussed in VI. P0,F and P0,B were designed with
consideration given to the stable attitude of the robot in the
static posture. With this designed foot-end trajectory with
Lspan=170 mm ( stroke=0.85), the swing-leg retraction speed
was set to be 3.4 m/s by the property of the Be´zier curve.
C. Experimental Results
The MIT Cheetah was able to accelerate up to 6m/s with
the trot-gait pattern according to the operator’s forward speed
command. A stable running was observed over the range of
recorded velocity, with the trot footfall pattern as in Fig.20 in
the experiment. At low speed the robot walked with trot gait,
but as speed increased the robot transitioned to running around
2.2 m/s, which corresponds to Fr = 1 where centrifugal force
and gravitational force match.
1) Estimated locomotion speed: Fig.21 shows the estimated
forward speed of the MIT Cheetah based on the measured
kinematic data during the experiment. The controlled-stance
phase period (Tˆst) for each leg was determined by the desired
speed. Comparing the observed speed of the treadmill with the
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Fig. 21: Estimated forward velocity (top) of the MIT Cheetah:
±0.15 m/s bounded difference was observed between the
estimated speed and the treadmill speed measured by a rotary
encoder (CUI Inc. AMT 102-V) directly attached to the DC
motor’s main axis. Froude number (middle, blue solid line)
and cost of transport(middle, red solid line) of the robot were
plotted together.
estimated speed of the robot, the difference was smaller than
0.15 m/s. As shown in the velocity plot, the robot initially
accelerated fast up to 4.5 m/s, and then smoothly speeds up to
6 m/s during 50 seconds. The non-dimensional metrics, Froude
number (Fr) and cost of transport (COT), are shown together
in the graph below. Around the robot’s maximum estimated
speed of 6 m/s, Fr was 7.34 and COT was 0.5, rivaling legged
running animals.
2) Measured leg trajectories: Fig.22 shows trajectories of
all four legs measured over various speeds during the experi-
mentation. The identical angle of attack at legs’ touchdown is
desired to be 71 deg to all legs with the fixed  stroke = 0.85
that was used in the simulation. In order to increase speed, an
operator decreases Tˆst to increase the stride frequency with the
trot gait. The leg trajectories are plotted when each shoulder
or hip joint is (0, 0) in the body local coordinates. The data
support that both the pitch and height of the frontal body
fluctuate slightly during the experiment. Slight pitch variation
at the beginning and the end of the swing phase can occur
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Fig. 22: Graph set of generated desired trajectories by the leg-trajectory generator and measured actual gait trajectories during
trotting gait from 1 to 6 m/s for a) front right leg, b) front left leg, c) back right leg, d) back left leg. In each leg graph, top
left: desired trajectories, top right: actual trajectories with respect to speed, bottom left: comparison between desired/actual
trajectories, bottom right: comparison between actual trajectories at low/high speeds, respectively
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Fig. 23: The shortcut line at the swing-to-stance transition on
the desired trajectory for the front left leg, the reference leg,
is observed due to the early ‘TD’ detection of the reference
leg
due to effect of the coupling mechanism between the hind
legs and the spine. The top left subplot shows the desired
trajectory. Again, the shape of the desired trajectory remained
the same over different target speeds. Note that the short-cut
swing-to-stance transition, the short straight line connecting
the end region of the swing-phase trajectory and the beginning
region of the stance-phase trajectory, was observed as shown
in Fig.23 due to early ‘TD’ detection after 90% completion
of the swing phase. The top right subplot expands the actual
trajectories with respect to its achieved speeds. As speed goes
up, the vertical width of the trajectory closed-loop decreases
and shoulder/hip heights in the stance phase decrease. This
results in smaller duty factor that requires higher vertical
forces at stance legs to provide the necessary vertical impulse
for running, as explained in Eqn.(22). The bottom left subplot
compares the desired trajectory and the measured trajectory.
It shows the tracking performance of the impedance control
for the swing phase; the trajectory converges within 25% of
duration of the entire swing phase. On the other hand, for
the stance phase, the impedance control exerted high enough
forces to make the robot run, due to the positional errors
in stance-phase trajectories. Stance-phase performance will
be discussed below together with the foot-end force plot in
the Cartesian coordinate. The bottom right plot compares the
measured trajectory at low speed and high speed. The rela-
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Fig. 24: Raw data for the commanded currents applied to each EM motor for shoulder/hip and knee joints at leg
i 2 {FL, FR,BR,BL} with the region where linearity between current and torque is conserved with the torque constant K⌧
in -40⇠40 A.
tively flat portion of the trajectory indicates ground-contact.
The apparent conclusion is that as the target speed increased,
the distance that shoulder/hip traveled in the stance phase was
shorter than the design called for.
A coupling effect of back legs with the spine through
the differential gear was observed in the measured back-leg
gait trajectories. This effect led to a deviation of the actual
trajectories away from the desired trajectory, even during the
swing phase where there was no interaction with the ground.
Therefore, improving the performance of the back legs, which
are coupled with the spine, requires an accurate modeling of
the back legs-spine system.
3) Estimation of Generated Leg-force based on Applied
Currents to the Actuators: Investigating the interaction be-
tween the robot and the environment should require the anal-
ysis of forces generated at the foot-end of the robot. However,
the experiment was done without a force plate on/under the
treadmill and without any force sensor at the foot to measure
GRFs. Nevertheless, the forces exerted at the foot-end can
be accurately estimated by the joint torques generated from
the impedance control law, as has been demonstrated in the
simulation and in [Seok et al., 2012]. Each joint torque can
be estimated by the amount of the commanded currents at
the customized motor driver for the MIT Cheetah considering
actuation transmission and pantographic leg design as shown
in Section. VI-D.
The currents at each actuator are precisely measured for the
entire experiment. Fig.24 shows commanded currents provided
to the dual-coaxial electric motors at the robot’s shoulder/hip,
for 1.5 seconds at different speeds (4.1 m/s and 5.9 m/s). These
two time periods are selected for fair comparison between
different speeds, because the robot CoT, an indicator of
efficiency, was similar. As the speed increases, the increment
in the amount of the current applied to the knee motor was
observed.
Note the difference between currents at low speed and
at high speed, as well as for front legs and back legs. A
contralateral symmetry is observable in the graphs, which
is the characteristic of the symmetric gait pattern, the trot.
Increase in peak current and decrease in duration of the high-
current region are observed at a higher speed. The currents
measured at the electromagnetic motors at the back leg are
generally much higher than currents at the front legs, because
some amount of the electric current applied to the actuators at
the back leg are spent for friction and compliance introduced
by the cable-driven differential gear mechanism which couples
back legs and spine. This is not modeled in the simulation
and seems to be one of the reasons which induce difference
between simulation and experimental results.
4) Change of Leg Coordination: The leg coordination
changing method for the trot-to-gallop gait transition proposed
in Section III was tested on the MIT Cheetah. At the maximum
speed of 6 m/s in the experiment, the robot was commanded
to change its gait from trot to gallop and it was recorded by a
high-speed camera. See Extension 1. The Fig.25 shows the
phase signals for all legs when the gait pattern modulator
linearly changes its phase lag parameters from trot to gallop
in the predefined period, 2.5 sec. The smooth gait transition
was observed, but the robot failed to maintain the gallop gait
pattern after a few strides. However, this is a preliminary
result; further research explores the possibility of reaching
a stable gallop after a smooth gait transition in a following
paper; with this gait transition strategy, the MIT Cheetah
achieved trot and gallop before/after the gait transition at 3.2
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m/s as shown in Appendix. G.
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Fig. 25: Sawtooth phase signals generated by gait pattern
modulator for gait transition from trot to gallop. The phase
signal converges from one to another, linearly with time. Gait
transition through linear transition from the phase differences
for the trot to ones for the gallop is observed.
Fig. 26: Snapshots of gait transition from trot to gallop
depicting 150 ms, recorded at 500 fps.
VI. DISCUSSION
Based on the logged data such as commanded current
values, commanded/measured leg joint positions at 4 kHz
sample rate, key features of the implemented running gait
on the robot are discussed; A) estimated pitch variation, B)
measured Fr and COT in the MIT Cheetah running, C) Walk-
to-run transition and aerial phase, D) Estimated forces exerted
at each foot-end.
A. Estimated Pitch Variation
Fig. 27: Actual measured trajectories of four legs with respect
to each shoulder/hip joint, where all the trajectories for the four
legs are overlapped with respect to each shoulder/hip joint. The
data allow us to approximate the height/pitch variation of the
robot during the trot experiment.
Effective indices for locomotive stability in the sense of
limit-cycle can be body height and pitch variations. It is
hypothesized that the stable trot gait has small repetitive
fluctuations of body height and pitch. These height and pitch
fluctuations can be estimated with measured foot-end trajec-
tory data for four legs as showin in Fig.27. The flat regions
of the measured foot-end trajectories are due to interaction
with the ground, and therefore represent the stance phase.
The height of each shoulder/hip joint is equivalent to the
distance between shoulder/hip joint and foot-end positions in
the stance phase at instant. Therefore, the pitch variation can
be deduced from difference between front and back height
data, considering the shoulder-to-hip horizontal distance, 66
cm.
During trotting, the heights of both shoulder/hip joints
are observed to remain around 0.5 m. Maximum estimated
height difference between a pair of legs for trot is roughly
smaller than 4 cm at low speed and 2.5 cm at high speed.
The estimated pitch variation decreases as locomotion speed
increases. Maximum pitch variation is estimated to be 4 deg
at low speed and only 2.2 deg at high speed. These pitch
variation was similarly observed in the trot experiment with
a IMU sensor. This small pitch variation shows the self-
stabilizing behavior in the trot gait. Since virtual compliance
exerts force proportional to error in displacement/velotiy at
each foot-end, if a large pitch motion occurs, the force exerted
by the front/back legs naturally adapts to induce pitch moment
to cancel out the disturbance.
For the same reason, as forward speed increases, the stance
height of a shoulder/hip joint gets lower as shown in the
trajectory vs speed plots for all legs in Fig.22. In the exper-
iment, each desired leg trajectory was identically applied to
front/back legs over different speed ranges. At higher speed,
larger vertical forces are required within shorter stance periods
to satisfy momentum conservation in Eqn.(22). Therefore, by
larger exerted forces on compliant legs the height of the body
is observed to become slightly lower as speed increases.
A TRACKER software4 was also used to estimate the CoM
height and the body pitch variation at 6 m/s on VII. MIT
Cheetah Running on the Treadmill of the submitted video
in APPENDIX A. A similar height pattern observed in the
simulation were obtained as shown in Fig.28. The maxi-
mum/minimum CoM height and body pitch were observed
435/408 mm and -0.07/-2.68 deg in the time window of Fig.28
while the MIT Cheetah was running at 6 m/s, which implies
that the achieved trot running at 6 m/s has a smaller height
variation than 2.7 cm, and a smaller body pitch variation than
2.61 deg.
B. Measured Fr and COT of the MIT Cheetah
Nondimensional metrics such as the Froude number (Fr)
[Kim et al., 2006] [Spro˝witz et al., 2013] and cost of trans-
port (COT) [Tucker, 1975] are often used to appropriately
compare different sized legged robots and animals. Fr is size-
independent locomotion speed, as defined as below
Fr =
v2
gh
, (33)
4Tracker 4.82 03 Oct 2013 Copyright (c) 2013 Douglas Brown www.
cabrillo.edu/⇠dbrown/tracker
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Fig. 28: CoM height and body pitch of the MIT Cheetah
running on the tread mill with speed of 6 m/s, estimated by a
TRACKER software with resolution of 1.4 mm/pixel.
where v is a characteristic (forward) speed of the locomotion,
g is the gravitational acceleration, and h is a characteristic
length [Alexander, 1984].5. For legged robots and animals, h
is usually chosen as the shoulder/hip height; in the case of the
MIT Cheetah, h is assumed to be 0.5 m from Fig.27.
The maximum Fr of the MIT Cheetah is 7.34. This is
a remarkably high value in comparison to other quadruped
robots according to the given data in [Spro˝witz et al., 2013]; in
2013, the Cheetah-cub’s Fr was 1.30, and in 2011, the HyQ’s
Fr was 0.6. Back in 1990, Raibert’s quadruped showed Fr of
1.53. The MIT Cheetah’s Fr with the trot gait is higher than
Fr observed in animals’ trot gait. Biological data have shown
that quadruped animals transit their gait from walk to trot at
Fr = 1 and from trot to gallop around Fr = 2 or 3 [Alexander,
1984]. It is also observed that dogs show trot-to-gallop gait
transition around the speed corresponding to Fr ⇡3 [Maes
et al., 2008].Interestingly, we achieved much higher Fr with
the trot gait pattern than animals. We think this is something to
do with the differences in speed-torque performances between
biological muscles and electric motors.
Indeed, we believe the maximum speed of the robot could be
even higher because 1) the present maximum speed is limited
by the maximum speed of the treadmill, and 2) a nominal value
of the maximum continuous power is approximately 4 times
higher than the value of the consumed power by the running
Cheetah at 6 m/s6. For the analysis of energy efficiency, COT
is used as a mass-independent energy/power consumption that
measures the energy efficiency of the locomotion. COT is
defined as
COT =
P
Wv
, (34)
where P is power used, W is weight of the robot and v is
locomotion speed [Tucker, 1975]. For a detailed description of
mechanical/electrical design approaches applied to the robot to
achieve high energy efficiency, the reader is referred to [Seok
et al., 2013]. In our calculation of CoT, the servo motor powers
for legs’ ab/adduction is not considered because the MIT
5Some use different notation, vp
gh
6at 6 m/s, the total consumed power from the LiPo battery is 973 W, the
mechanical power generated from the motors is 234 W
Cheetah’s running was implemented in the sagittal plane and
the fixed ab/adduction angle policy to make the legs vertical
in the frontal plane were used.
C. Walk-to-run Transition and Existence of Aerial Phase
The cheetah is estimated to have the walk-to-run transition
around 2.2 m/s, by taking the energetic criterion of running,
which is introduced in [McMahon et al., 1987]. Fig.29 shows
the vertical length of the virtual front right leg and the
estimated speed in the time interval 2 ⇠ 10 s during the
experiment. The shoulder height can be estimated by the
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Fig. 29: Walk-to-run transition around 2.2 m/s: Convex stance
vertical leg length plot in the black-dotted rectangular corre-
sponds to the robot’s walking state and concave stance vertical
leg length plot in the red-dotted rectangular corresponds to the
robot’s running state.
vertical length of the virtual leg in the stance phase for
the case of the trot gait where the pitch variation is small;
the convex shape of the vertical length in the stance phase
(dotted rectangulars) is kinematically matched to the concave
shape of the shoulder height and vice versa. Therefore, the
typical concave/convex shoulder trajectory in walking/running
is drawn before/after 2.2 m/s which corresponds to the Fr =
1 in Fig.21. Biological studies also have shown that at Fr =
1 [Alexander, 1984], the walk-to-run transition occurs in the
quadrupedal locomotion. After this transition, the COT was
significantly improved.
The estimated duty factor Dest in Fig.30 shows the exis-
tence of an aerial phase, for the MIT Cheetah running. The
duty factor for a foot is defined as the fraction of a stride for
which the foot is in contact with the ground [McGeer, 1990].
Therefore, a duty factor Dest < 0.5 implies that the animal
or robot has an aerial phase for the trot gait. Because of the
absence of a force plate in the experiment, the duty factor,
Dest, is approximated based on kinematic data for each leg,
as we did for the pitch estimation. From the estimated duty
factor plot, we can say at least that robot had the an aerial
phase after time t = 4 s, where the speed estimation was 1.4
m/s.
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Fig. 30: Estimated duty factor Dest for the front right leg:
measured kinematic data for the virtual leg is used to estimate
the duration of the stance/swing phases. The line indicates the
estimated walk-to-run transition at 2.2 m/s.
D. Approximation of Ground Reaction Force at Each Foot-
end: Experiment
To analyze the performance and characteristics of the trot
running result in the Cartesian coordinates, GRFs, the interac-
tion forces between the robot and the ground, were estimated
by using joint position data Fig.22 and commanded current
data n Fig.24.
The motor driver was devised to apply a commanded
current by the controller to the BLDC motors which have
approximately a linear relation between motor torque and
applied current below the motor’s saturation level, 40A. As
shown in Fig.24, the peak current commanded for the front
legs is under this saturation current level where the linearity
assumption is effective. However, the torque/current linear
relationship for back legs can be deteriorated during a short
duration because the peak currents are over 40A instantly.
Torque outputs from BLDC motors were calculated based
on measured currents and a measured torque constant, K⌧ =
0.27 Nm/A. Then, because of high torque-transparency of
the robot’s leg, commanded forces exerted at each foot-end
effectors of the robot can be estimated in the front/back body
reference frames as below:
Fx
Fy
 
foot
⇡ (JTCart) 1⌧2⇥1, (35)
where JCart is the local Jacobians from shoulder/hip to foot-
end of each leg of the robot. In the preliminary test, the electric
bandwidth of the motor actuation system was measured to be
approximately 400 Hz. Therefore, the commanded forces were
filtered with the cut-off frequency of 400 Hz.
We expect that this filtered force at each foot-end calculated
by Eqn.(35) can be an effective approximation for GRFs with
respect to the inertial frame, since a body pitch variation of
the trot-running robot was small in the experiment. To verify
this estimation, when the one leg drops on the force sensor
(ATI delta, SI- 660-60 calibration) from 5 cm height, the
comparison between the vertical GRF measured by a force
sensor and the commanded force in the vertical direction
is shown in Fig.32. This result shows that the commanded
forces are well matched to the GRFs measured by the force
sensor. Therefore, the vertical force Fy and the horizontal force
Fx exerted to the ground by the robot were estimated with
respect to the local coordinate at each shoulder/hip joint of
the leg, which is described in Fig.2. See also Extension 1
in Appendix. A to watch approximated GRF patterns. Note
that the effect of Cheetah leg’s bending cannot be ignored at
higher force ranges because the plastic material of the leg has
an inherent material compliance. This effect can be shown as
the difference between the estimated radial leg length given
from forward kinematics, and the actual one. In a preliminary
experiment, a 2 mm length difference was observed at around
350 N at the foot-end, which means that the estimated foot-
end forces can be deviated from actual ones due to the the
leg’s bending at a force range higher than 240 N.
1) Force analysis on the front legs: Fig.31 shows the
vertical motion of the front legs with corresponding desired
trajectories at 6 m/s. The desired foot-end vertical trajectories
penetrate into the ground in the short stance period, but the
actual foot-end vertical trajectories Lv cannot track the desired
trajectory due to the ground contact. So they remain in the
estimated ground region (around 0.5 m), thus enabling the
distinct separation for the stance and air phases. Therefore,
the hypothesis for the stationary height of the shoulder joint
during the short stance period is effective such that the height
variation is smaller than 1 cm at approximately 5.9 m/s. When
the leg contacts the ground, the virtual leg compliance gener-
ates vertical forces according to kinematic error intentionally
induced by the proposed sinusoidal trajectory for the stance
phase.
Fig.33 shows horizontal and vertical force estimations,
Fx, Fy , at both front legs for each duration. High vertical force
regions represent stance phases of each leg. Characteristics of
the symmetric gait pattern, trot, are clearly observed in the
graphs. Identical forces produced by the left and right sides
of the legs alternate rhythmically over time, and peak value
and frequency of vertical forces increase as the desired speed
increases. High propulsion force, expressed as negative Fx,
accompanies high vertical forces during the stance phase to
compensate for impact loss.
2) Contribution of virtual damping to create virtual leg
compliance: In order to quantify the effect of virtual damping
in the stance control, Fig.34 shows contributions of virtual
stiffness and damping seperately to create virtual leg compli-
ance while the robot were walking at a low speed, 1 m/s,
and running at a high speed, 6 m/s, in the experiment. The
programmable virtual leg compliance consists of the virtual
stiffness (5,000 N/m) and the virtual damping (100 Ns/m) and
its combinational effect during the implementation is shown
in Fig.37 of APPENDIX.E. Each commanded vertical force
exerted at the front right foot-end by both virtual stiffness
and damping is plotted together. The virtual damping not
only rejects force ripple in the trajectory-tracking control to
improve transient leg dynamics in the swing phase, but also
generates significant compensating force to the ground impact
in the initial stance phase. The two distinct phenomena can be
observed; 1) virtual damping creates abrupt high forces at the
‘TD’ event to deal with ground impact in the impact regions
in Fig.34, 2) the contribution of virtual damping increases as
the duration of stance phase decreases and the desired speed
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Fig. 33: Estimation of generated forces in Cartesian coordinate
at foot-end of front legs. Stance phase (high vertical force
region) and swing phase (low vertical force region) can be
approximated from the graph. Increase in peak force value is
observed with decrease in duty factor.
increases. As the target locomotion speed increases, the robot’s
legs experience higher ground impact. Therefore, the effect of
the virtual damping significantly becomes higher, which shows
the importance of the virtual damping for achieving robustness
to the ground impact in locomotion.
3) Force analysis on the back legs: As shown in Fig.35,
forces exerted at the foot-end of the back legs are similarly
calculated by using Eqn.(35). As mentioned in Section V,
however, these values are not a good approximation of GRFs
because the hip motors are coupled with the spine actuation,
which significantly contributes to the generation of different
peak forces at foot-end of front/back legs. Still, the general
trends observed in the front legs are similar: 1) contralateral
symmetry and 2) higher peak force at higher speeds. To
improve tracking/compliance control performance of the back
legs, further consideration of the system identification for the
spine is required.
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Fig. 34: Contribution of virtual stiffness (5,000 N/m) and
virtual damping (100 Ns/m) to the creation of the vertical
component at the front right foot-end; top) walking at low
speed at 1 m/s, bottom) high speed at 6 m/s.
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Fig. 35: Estimation of generated forces at foot-end of back
legs, in Cartesian coordinates. Increase in peak force value is
observed with decrease in duty factor
VII. CONCLUDING REMARKS AND FUTURE DIRECTIONS
The MIT Cheetah with the hierarchical controller achieved
high speed running using the proprioceptive feedback and
the programmable leg-compliance. To achieve highly dynamic
locomotion with various gait patterns, a simple set of pa-
rameters was constructed for the controller. The high-level
controller consists of the gait pattern modulator and the leg-
trajectory generator and it allows for the description of the
kinematics and kinetics of the robot’s running motion. The
proprioceptive force-control actuator creates programmable
virtual compliance in the robot’s leg in the form of low-
level individual leg controllers, and enables high bandwidth
response to external disturbances, which is important in highly
dynamic locomotion. The fast FPGA/RT control architec-
ture achieved this complicated task without any mechanical
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springs/dampers installed on the leg, by largely increasing the
control loop frequency. The individual leg controller employs
a tunable stance-trajectory design according to the equilibrium
point hypothesis, as well as a smooth swing-trajectory design
by using properties of the Be´zier curve. The equilibrium point
trajectory for the stance phase is designed by the simple
sinusoidal wave, of which amplitude is the control variable
in order to adjust the impulses exerted to the ground in
the stance phase for running. The virtual compliance and
minimal mass/inertia design of the leg actuation system also
enabled proprioceptive touch-down detection without any foot
force sensors; based on this event detection, the ‘TD’-event
based ‘stride-to-stride’ rhythmical gait-pattern modulation is
achieved. The MIT Cheetah achieves stable running gait of
speed up to 6 m/s (Fr=7.34). This validates self-stabilizing
property given from the robot’s leg compliance. Also, a simple
gait transition algorithm from trot to gallop at the maximum
speed was implemented and tested, and the preliminary results
are introduced in this paper. However, in order to achieve a
stable gallop or a stable locomotion outside of the treadmill,
we need to improve the developed controller as follows:
1) Integrating the robot’s body-attitude sensory feedback
with the proposed control framework for field running
on rough terrain. To accomplish that, roll and yaw
stabilizing controller will have to be integrated with the
present control framework through additional actuations,
namely ab/adduction of each leg. An Inertial Measure-
ment Unit (IMU) sensor is being integrated with the
robot to measure its attitude during running.
2) Studying of comparison between the estimated forces
and the real GRFs at each foot-end to improve proprio-
ceptive force production/sensing.
3) Identifying the spine system of the robot coupled with
back legs to improve performance of the controller.
As shown in the experimental results, the effect of
the flexible spine coupled with the back legs is not
negligible, so that the tracking performance and GRF
estimation are deteriorated. The compliant spine will be
modeled so that a force compensation for the effect of
the spine becomes possible in a feedforward manner.
Also, the spine will be actively employed in gallop
running.
4) Accomplishing stable gallop for even faster running.
With the proposed control framework integrated with
the IMU sensor, we expect to achieve gallop gait with
new design of the stance trajectory but, without global
orientation feedback.
The hierarchical structure of the proposed controller is ex-
pected to provide expandability to more complicated intelli-
gent gait algorithms as well as compatibility with low-level
force control schemes such as a direct force control with the
proprioceptive force control actuator. Extending the proposed
control method through these future improvements, we plan
to develop a controller that allows galloping in the field.
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APPENDIX A
INDEX TO MULTIMEDIA EXTENSIONS
A video is provided along with this paper to show the
simulation and experimental results.
Extension Media Type Description
1 Video I. Gait Pattern Generator
II. Leg Trajectory Generator
III. Virtual Leg Compliance
IV. Proprioceptive Touch-down Feedback
V. MIT Cheetah Simulator
VI. Gait Test in the Air
VII. MIT Cheetah Running on the Treadmill
VIII. Gait Transition
IX. Torque vs Angular Velocity at Each Joint
TABLE VI: Table of Multimedia Extension
APPENDIX B
MODEL PARAMETERS
FR FLBL BR
ScapulaF
HumerusF
RadiusF
MetatarsalsB
TibiaB
FemurB
Stator StatorBodyFBodyB
Spine segment
Fig. 36: Terminologies for MIT Cheetah model
Segment Mass [kg] MoI⇤ [kgm2] Length [m]
BodyF 4.84 0.300 0.200
Scapula⇤⇤F 2.63 0.00829 0.160
HumerusF 0.160 0.00237 0.220
RadiusF 0.120 0.00123 0.222
Spine segment 0.0562 0.0000682 0.0360
BodyB 1.92 0.282 0.187
Femur⇤⇤B 2.70 0.0163 0.245
TibiaB 0.160 0.00237 0.220
MetatarsalsB 0.0850 0.000558 0.165
Stator of the electric actuator 2.61 0.00717 -
*Moment of Inertia
**Including the rotor mass/inertia of the electric motor
TABLE VII: Model Parameters
Table VII shows the model parameters of the MIT Cheetah
depicted in Fig.36.
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APPENDIX C
SPINE COORDINATION
The four joints of the spine
qspine = Cs(qhumerus,BL + qhumerus,BR) (36)
qbackpitch = qfrontpitch + 4qspine (37)
Where Cs = 3936400 is the effective differential gear ratio.
APPENDIX D
PROPERTIES OF DERIVATIVES OF BE´ZIER CURVE
A r-th derivative of a Be´zier curve is formulated as below
and therefore it has the following useful properties:
p(r)(s) =
n!
(n  r)!
n rX
k=0
 rckB
n r
k (s) (38)
• pswi |Sswi =0 = c0 vswi |Sswi =0 = n c0/Tˆsw
• pswi |Sswi =1 = cn vswi |Sswi =1 = n cn/Tˆsw
• Double-overlapped control points generate zero velocity.
• Tripple-overlapped control points generate zero accelera-
tion.
 r is r-th forward difference operator: rck =  r 1ck+1 
 r 1ck.
APPENDIX E
VIRTUAL LEG COMPLIANCE
During the experiment, the virtual leg compliance created
in the impedance control manner is shown in a) the force
vs. radial position error plot and b) the torque vs. angular
position error plot for each leg in Fig.37. The virtual damping
induces the virtual compliance curve to deviate away from the
virtual pure stiffness line (straight line) while providing reflex
response to ground impact.
Fig. 37: The robot’s virtual leg compliance in the polar
coordinate (r, ✓): a) radial virtual stiffness 5,000 N/m with
virtual damping 100 Ns/m b) angular virtual stiffness 100
N/rad with virtual damping 4 Ns/rad
APPENDIX F
JOINT ACTUATOR REQUIREMENT
For the dual-coaxial actuator of the MIT Cheetah, a com-
mercial motor (Emoteq HT-5001, torque constant of 0.27
Nm/A, weight: 1.3 kg, phase resistance: 0.354 ⌦, peak torque:
10 Nm) was integrated with a planetary gear set (gear ratio:
5.8:1). The 2-DoF leg system is actuated by the dual coaxial
motor unit through the pantographic leg design. Torque vs.
angular velocity curves at each joint during the experiment are
drawn together in Fig.38. The values of torque are calculated
from the measured applied current by the current sensor in the
motor driver and the kinematic data from the encoders for each
joint. The values of angular velocity are also derived from the
positional data from the encoders. These plots indicates the
requirement of the actuation specification for the robot’s leg
joints in the running experiment. Therefore, with these plots,
various set of actuators can be developed.
Fig. 38: Torque vs. angular velocity curves for shoulder/hip
and knee joints while trotting in 1⇠6 m/s during the experi-
ment
APPENDIX G
GAIT TRANSITIONING
The additional experiment was executed with the expanded
hierarchical controller integrated with the IMU sensor. The
flexible spine was replaced with the rigid spine. The proposed
method for the gait transition by linearly changing the phase
differences during 2.5 sec was exactly applied. As shown
CoM height of the MIT Cheetah galloping at 3.2 m/s
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gait transitiontrot gallop
measured by a IMU sensor with 1 kHz sampling rate 
estimated by the TRACKER software with resolution of 4 mm/pixel
Fig. 39: Height of Center of Mass (CoM) (mm) and Pitch
(deg) variation in the 2.5 sec. trot-to-gallop gait transition of
the MIT Cheetah on the treadmill with a speed of 3.2 m/s;
the IMU sensor was used to get pitch data and the tracker
software for the motion capture on a gallop video was used
to get height data.
in Fig.39, periodic stable trotting and galloping before/after
the trot-to-gallop transition were achieved on the treadmill
with the speed of 3.2 m/s, which implies that the proposed
gait transition method was effective. A following paper will
address the details about how to achieve a stable gallop.
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